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Abstract—It has long been recognised that a wireless communi-
cation system can be more efficient if link-layer parameters such
as modulation order, symbol rate and packet size, are (adaptively)
optimised. A common optimising criterion is to maximise spectral
efficiency (bits per second per Hertz (bps/Hertz)) subject to a very
low bit-error constraint. But a packet-oriented criterion for link
adaptation seems more appropriate for practical communication
networks fitted with strong error detection and a selective packet
re-transmission mechanism. In recent work, we performed link
optimisation for maximal bits per second or bits per Joule for
data (delay-tolerant) traffic. In the present work, we extend our
previous analysis to consider the case of costly power. The cost
can be interpreted in the common economic sense, or can be
a signal to encourage efficient resource use in a decentralised
matter; furthermore, it may simply be a “Lagrange multiplier”
in a centralised optimisation. When the symbol rate is flexible,
the result under pricing is similar to the costless scenario: a set
of possible link configurations can be ranked by the slope of a
tangent line from the origin to the graph of a scaled version of
the PSRF: the steeper the tangent the better the configuration.
However, if the “effective price” — the power price divided by
the noise-normalised channel gain — is sufficiently high, it is
optimal for the terminal not to operate. If the symbol rate is
fixed, the optimal configuration depends on the effective price.

I. INTRODUCTION

The importance of (adaptively) optimising the link layer
configuration of a wireless communication systems has long
been recognised. In particular, modulation adaptation has
received significant attention [1], [2], [3], [4]. However, in
these and most studies, the focus is the symbol: for example,
to choose bits per symbol in order to maximise bps/Hertz
(spectral efficiency), while holding the bit error rate under a
specified (very low) level.

More recently, it has been recognised that packet-oriented
(OSI layer-2) link adaptation is more appropriate under certain
interesting scenarios [5]. For example, in many practical com-
munication networks, medium-access-control (MAC) packets
are “guaranteed” in the sense that binary data is packetised,
strong error-detecting codes (e.g., 16-bit cyclic-redundancy
codes (CRC)) are added to each data packet, and an automated
repeat-request (ARQ) mechanism is installed, with a highly
reliable the feedback ARQ channel. Since a packet is retrans-
mitted until correctly received, the bit error rate at the input
of the error detector can be relatively high. Thus, the engineer
should focus on the system’s post-retransmission performance

(e.g., “net” throughput or “goodput”). Along these lines, [5]
seeks to (adaptively) configure the link layer parameters for
maximal “goodput”. A related but different approach is that
of [6] which reports rate and power adaptation policies for
network utility maximisation (NUM) — under an average
transmitted power constraint — that are significantly different
from spectral-efficiency policies.

While following the rationale and motivation of [5], [7]
observes that the impact of any given combination of link con-
figuration parameters is fully captured by the packet-success
rate function (PSRF) of the symbol SNR, and postulates that
the graph of the PSRF is a smooth increasing bounded curve
that starts out convex and transitions to concave at a single
inflexion point (i. e., an S-curve). Then, analytical geometry
leads [7] to conclude that a set of possible link configurations
can be evaluated by drawing a tangent line from the origin
to the graph of a scaled version of the PSRF: the steeper
the tangent, the better the configuration. Whereas [8] extends
[7] to consider a media (e. g. video) transferring terminal, the
present work extends [8] to the case when power is costly.

The motivation to consider pricing is manifold. A per-Watt
price — interpreted in the common economic sense — can
be an instrument to both generate revenue, and to induce
conscientious and efficient resource use. This may also provide
a form of “fairness”: those who “get little” also pay little. And
even in a centralised resource allocation scheme, prices may
play an important role as “Lagrange multipliers”. For example,
the optimal allocation of a power budget over several channels
can be formulated as max ∑ui(p) subject to ∑ pi ≤ P̂ where
ui is a suitable performance index. The optimising conditions
require that u′i(pi)= λ where λ is the multiplier associated with
the power constraint. But the condition u′i(pi)= λ is exactly the
same that arises if a user individually maximises ui(p)−λp,
which can be interpreted as the difference between the user’s
“benefit” ui(p) minus the cost when power must be purchased
at the unit price λ. Thus, to understand the solution to the
centralised optimisation — with costless power — one need
to comprehend the individual maximisation with costly power.

Below, we first describe our system model. Then, we discuss
optimisation criteria appropriate for link layer configuration
involving data traffic when power is costly, considering sep-
arately energy-limited and energy-sufficient terminals. Sub-
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Figure 1: An S-curve, S(x), xS′(x) (solid bell curve), and the
tangenu (tangent line from origin). S(x)/x (dash, scaled) is
maximised at the genu (knee) (K,k).

sequently, we provide the core of our analysis and main
results. Then we illustrate and discuss our results. An appendix
provides some additional technical details.

II. SYSTEM MODEL

• N0 is the average Gaussian noise spectral density
• E is the energy budget, when applicable
• P̂ is the power constraint
• H is the channel gain, and h := H/N0
• R is the symbol rate
• p is the transmission power used
• b is the no. of bits per symbol
• σs is the signal-to-noise ratio (SNR) per symbol
• L-bit packets carrying L−C information bits are used.
• For convenience, let b̄ := b(L−C)/L

• For link parameters, a, F(x;a) is the packet-success rate
(PSRF) as function of per-symbol SNR, x.

• For some technical reasons, f (x;a) := F(x;a)−F(0;a)
replaces F [9], and is assumed to satisfy Definition A.1,
i. e., its graph has the S-shape shown in Fig. 1. E. g., in
the notation of [5], f (x;a) = [1−Pb(x,b)]

L/b − [1/2]L/b.
For convenience, x is used as a generic function argument.

III. LINK ADAPTATION CRITERIA FOR DATA TRAFFIC
WITH COSTLY POWER

A. A terminal’ behavioural rationale

The terminal has a “quasi-linear” utility function : wB+ y

with: (i) w its “willingness to pay” (monetary value to the
terminal of one transferred information bit), (ii) B is the
number of transferred information bits within a reference
length of time, τ, and (iii) y money left after applicable
payments and rewards. B generally depends on a vector of
“resources” z. If the terminal must pay c(z), it chooses z to
maximise wB(z) + [D − c(z)]. D is the terminal’s monetary
budget, which, if “large”, does not alter its choice, in which
case it maximises benefit minus cost:

wB(z)− c(z) (1)

B. Information transferred over a period of interest

Fact III.1. The total number of information bits that a

terminal operating with packet-success rate f (·;a) and SNR

held at σs can transfer over time period τ is given by

τR
L−C

L
b f (σs;a)≡ τRb̂ f (σs;a) (2)

C. Appropriate periods of interest

If the terminal of interest has reliable information about
future channel states it could consider it. In practise, such
information is difficult to obtain. Thus the terminal opts to
manage its resources as if the present channel state were
permanent (that is, it is the most reliable estimate of the future
state). As channel state information is updated periodically, the
terminal re-calculates its optimum which may lead to a change
in resource allocation and/or link configuration.

We focus on a terminal that has a long stream of (delay-
tolerant) data to transfer. The period of interest is determined
by the status of its energy supply: limited (battery) versus
unlimited (power grid, vehicular applications, etc).

• For an energy-limited data terminal with plenty of data
to transfer, the natural period of interest is the total time
of operation by the time its energy runs out; that is, its
“battery life”. Thus, this terminal’s benefit is proportional
to the total number of bits it can transfer over the lifetime
of its battery charge (“bits per Joule” (bpJ)).

• For a terminal with an unlimited energy supply, and a long
stream of (delay-tolerant) information to transfer a natural
period of interest is the time unit. Thus, this terminal’s
benefit is proportional to the total number of information
bits that it transfers per unit of time (“net” throughput or
“goodput”).

IV. OPTIMAL LINK CONFIGURATION WITH COSTLY POWER

A. Problem statement

The terminal can choose a desired amount of power subject
to a power constraint, and a unit cost: if the terminal operates
with power p for τ seconds, then it incurs a total cost of cE pτ.

The terminal wishes to solve:

max
p,R

wRb̄ f

(
hp

R
;a
)
− cE p (3a)

subject to

0 ≤ p ≤ P̂ (3b)

0 ≤ R ≤ R̂ (3c)

Notice that τ is dropped from (3a) since it would appear
as a factor of both the benefit and the cost term, and hence
would have no impact on the optimal choice.

B. Problem re-statement

Lemma IV.1. Problem (3) is equivalent to:



max
p,x

p [B(x;a)− c] (4a)

subject to

0 ≤ p ≤ P̂ (4b)
0 ≤ x (4c)

hp− R̂x ≤ 0 (4d)

where
x =

hp

R
(5)

B(x;a) :=

{
b̄ f (x;a)/x x > 0
b̄ f ′(0;a) x = 0

(6)

c :=
cE

wh
(7)

Proof: By (5), for x > 0, R = hp/x can be replaced into
(3a) yielding

whp
b̄ f (x;a)

x
− cE

(
whp

wh

)
≡ whp

[
b̄ f (x;a)

x
− cE

wh

]
(8)

The factor wh is dropped because it will not change the
optimising choice. Thus, considering (6) and (7), (8) leads to
(4a).

The symbol rate constraint: R = hp/x ≤ R̂ yields (4d).
Remark IV.1. In (6), b̄ f ′(0;a) ≡ limx↓0 b̄ f (x;a)/x; that is,
B(0;a) is defined as the limit of B(x;a) as x approaches zero
from the right — which equals b̄ f ′(0;a), as can be easily
verified through L’Hôpital’s rule. This is done for the sake of
formality. We could have simply defined B(x;a) as b̄ f (x;a)/x

specifying that B(x;a) is only of interest for x > 0.

C. Problem solution

Lemma IV.2. Let S : ℜ+ → [0,d] satisfy Definition A.1 with

inflexion at x f . Let B(x) := S(x)/x with B(0) := limx↓0 B(x)≡
S′(0). (i) There is a unique tangent line from the origin to

S(x), denoted as c∗x and called the tangenu, with tangency

point, genu, (x∗,S(x∗)), where x∗ > x f . (ii) B is strictly quasi-

concave, and its unique maximiser in [0,X ] is min(x∗,X) .

Proof: See [10].
Remark IV.2. Figure 1 shows the tangenu (tangent from
(0,0)) and genu (tangency point) for the S-curve S(x) =
[1− exp(−x/2)/2]80 − 2−80, as well as graphs of xS′(x) and
S(x)/x.

Lemma IV.3. In Problem (4), suppose that the genu of

b̄ f (x;a) occurs at x∗. Then, (i) if b̄ f (x∗,a)/x∗ < c, then

p = 0 is optimal. (ii) if b̄ f (x∗,a)/x∗ ≥ c, then x = x∗, p =
max(P̂,x∗R̂/h) are optimal.

Proof: By Lemma IV.2, for any p > 0, the objective
function (4a) is upper bounded by p(b̄ f (x∗,a)/x∗ − c). If the
bracketed factor is negative, then the objective function returns
a negative value for any p > 0.
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Figure 2: The configuration yielding S2 is better if SNR x12
(at the intercept of T1 and S2) is reachable. Configuration 3 is
eliminated, because whenever x3 is feasible so is x2, and S2
performs better. S1 is used if x12 cannot be reached [7].

With both p and R flexible, the terminal can always reach
x= x∗ which maximises the bracketed factor in (4a). The other
factor, p , should evidently be as large as possible. For any p∈
(0, P̂], with x = x∗ the matching R = hp/x∗ must obey R ≤ R̂.
Thus, x = x∗ =⇒ p ≤ x∗R̂/h. Therefore, p = max(P̂,x∗R̂/h)
is optimal.

Theorem IV.1. Consider a set of I link layer configurations

each identified by a combination of parameters ai; that

is, a1, . . . ,aI. With each i associate the function S(x;ai) =
b(L −C) f (·;ai)/L and denote the abscissa of its genu as

x∗i . S(x∗i ;ai)/x∗i ≥ S(x∗j ;aj)/x∗j implies that if the terminal can

reach both SNR values x∗i and x∗j then it can achieve at least

as much utility with link configuration ai as it can with con-

figuration aj. Furthermore, there is a utility-maximising con-

figuration j∗ defined by S(x∗j∗ ;aj∗)/x∗j∗ = maxi{S(x∗i ;ai)/x∗i };

that is, S(x;aj∗) has the steepest tangenu among the functions

S(x;ai).

Proof: By Lemma IV.3, for any ai, the terminal’s utility
is proportional to S(x∗i ,ai)/x∗i − c. The configuration with the
largest ratio S(x∗i ,ai)/x∗i maximises the terminal’s utility.
Remark IV.3. Theorem IV.1 indicates that a set of link configu-
rations can be sorted in order of utility efficiency by the slopes
of the tangenus of their associated S curves. Hence, there is an
ideal configuration, whose associated S-curve has the steepest
tangenu (see Fig. 2). A terminal with an adjustable symbol
rate can always reach the optimal operating point x∗j∗ of the
most efficient configuration aj∗ by selecting the appropriate
p/R ratio. However, a power-limited terminal with a fixed
symbol rate may be unable to reach x∗j∗ and consequently may
need to choose the most efficient of those configurations whose
optimal operating points can actually be reached. As discussed
in section V, it is possible that the ideal configuration aj∗
still outperforms the next best if the highest reachable SNR is
sufficiently close to x∗j∗ .



Remark IV.4. A simpler way to reduce the symbol rate from
a maximal rate of R̂ to R̂/K is by transmitting K identical
symbols each at the maximal rate R̂. These K symbols are,
at the receiver, “coherently accumulated” which increases the
ratio of the energy per symbol to the noise spectral density
[11, section II.B].
Remark IV.5. Figure 2 illustrates the procedure to find an
optimal link configuration. The curves in Fig. 2 are graphs
of S(x;ai) = b(L−C) f (·;ai)/L for various configurations. In
Fig. 2, the combination of parameters corresponding to S2 is
better whenever its operating point x2 can be reached. The
combination of parameters associated with S2 “dominates” that
leading to S3, because S3 has a less steep tangenu (i.e., per-
forms worse) and a higher operating point. The configuration
associated with S1 may be usable when x2 cannot be reached.
But notice that if the highest reachable SNR is less than x2 but
greater than x12 (at the intercept of tangenu T1 with S2), then
S2 would still be preferable to S1 (because for x12 < x ≤ x2,
S2(x)/x is greater than S1(x1)/x1; that is, the slope of a line
from the origin to the point (x,S2(x)) is greater than the slope
of the tangenu of S1). Further discussion is found in [7].

D. Fixed symbol rate

The preceding development assumes that the terminal’s
symbol rate is adjustable. In this subsection we consider the
possibility that R = R̂ is fixed.

Lemma IV.4. With R = R̂, x defined by (5) and c defined by

(7), Problem (3) is equivalent to:

max
0≤x≤hP̂/R̂

b̄ f (x;a)− cx (9)

Proof: p = xR̂/h replaced into (3a) leads to

wh
R̂

h
b̄ f (x;a)− cE

R̂

h
x ≡ wh

R̂

h

(
b̄ f (x;a)− cE

wh
x
)

The constant factor whR̂/h is dropped, yielding (9).
(9) has the form max S(x)− cx with S an S-curve. The

following result can be proved (see Fig. 3a).

Lemma IV.5. Consider the problem of maximising S(x)− cx

subject to 0 ≤ x ≤ X where c is a positive number and S is

an S-curve (Definition A.1) with inflexion at x f , and satisfying

c∗x∗ = S(x∗). (i) If c > c∗ then x = 0 is the maximiser. (ii) For

c< c∗, the equation S′(x) = c has exactly one solution, xc, that

is greater than x f . (iii) If xc ≤ X then xc is the maximiser. If

xc > Z then the maximiser is either X, if S(X)≥ cX, or zero,

otherwise.

Remark IV.6. Figure 3b illustrates how to apply Lemma IV.5
to find the optimal configuration, when power is costly and the
symbol rate is fixed. Given a value of c, the optimal operating
point for a given configuration is found at a point where a
tangent to its associated S-curve b̄ f (x;a) is parallel to the
cost line cx. If c is greater than the slope of the tangenu of
the “best” configuration (denoted as c∗ in Fig. 3b) then the
terminal should not operate, because the cost cx would exceed
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(a) Maximising S(x)−cx subject to x ≤ X . If c > c∗ or c = c1 and X < a then
x = 0 is optimal. For c = c1, X ≥ a, min(X ,d) is optimal. At d, the curve’s
tangent (short blue line) is parallel to the cost line c1x.
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(b) For c = c∗ or c = c1, S2 is optimal; but if c = c2, then S3 wins.

Figure 3: Optimal link configuration with cost and a fixed
symbol rate.

its benefit for any positive x, and any configuration (the cost
line would lie above all curves). As c falls, the corresponding
operating points move right. For c = c1, configurations 2 and
3 should operate at SNR’s d and r, respectively (notice the
corresponding tangents to S2 and S3 at those points, which are
parallel to the line c1x); however, configuration 1 should not be
used, since the cost line c1x lies entirely over S1(cost exceed
benefit). Since the distance S2(d)−c1d (benefit minus cost) is
greater than S3(r)−c1r, configuration 2 is optimal. For c= c2,
all 3 configurations could be used, and the operating points
for S1, S2, and S3 are, respectively, a, e, and s. S3(s)− c2s is
evidently greater than S2(d)−c2d and S1(a)−c2a. Therefore,
configuration 3 is now optimal. We have evidently assumed
that all the mentioned operating points can be reached, given
the power constraint.



V. DISCUSSION

Reference [7] followed [5]’s lesson that packet-oriented link
adaptation — as opposed to symbol/spectral-efficiency focused
adaptation — is more appropriate for complex multi-layered
networks. The present work extends [7] to consider costly
power. The motivation for doing so is given in the introduction.

The optimal configuration with costly energy remains that
found in [7]. However, if the “effective price” — the power
price divided by the noise-normalised channel gain — ex-
ceeds the slope of the tangent from the origin to the S-
curve associated with the “best” configuration, the terminal
should not operate at all. Thus, under unfavourable channel
conditions, the terminal may refrain from operating until its
channel state improves, which is intuitively appealing. This
assumes that the terminal can always reduce its symbol rate as
necessary to achieve the optimal SNR associated with the ideal
configuration. Symbol-rate adaptation to a continuum of values
is significantly more challenging than “modulation order”
adaptation [5], but adapting the symbol rate in discrete “steps”
(half-rate, quarter rate, etc.) — as described for example in
[11] — is much simpler, and would be sufficient for our
purposes. Anyhow, we did find that when the symbol rate is
fixed, the optimal configuration depends on the effective price.
If this price is sufficiently high, then the terminal should not
operate. As the price falls from this level, the optimal choice
changes.

The procedure to identify the best configuration can and
should be applied “off line” to generate appropriate tabular
information, which can then be loaded in the terminal’s mem-
ory. While the total number of link parameter combinations
could be very large if all degrees of freedom are fully ex-
ploited, the procedure is easily parallelisable, and hence doable
through parallel or “grid” computing. Each combination of
parameters yields exactly one S-curve, which has exactly one
tangent from (0,0), which has exactly one slope. Thus, a large
number of parameter combinations could be divided among
many computing devices, so that each independently obtains
the necessary slopes; ultimately, the overall largest of the
computed slopes identifies the best overall configuration.

With a fixed symbol rate and costly power, one needs a table
with an entry for each of many possible “effective prices” in
certain range. The table should indicate, for each price, the
optimal configuration and its operating point. While building
this table off-line may be computing intensive, the use of the
table is a simple matter. After a channel state update, the
effective price changes; thus, the terminal looks up in the
table the appropriate configuration and its operating point for
the current price. Table look-up is viewed as a very simple
operation. Notice that the channel changes the effective price,
but not the content of the table itself; thus, a single permanent
table works for all terminals and channel states.

Developing the tabular information mentioned above for
specific communication systems/standards is a possible avenue
for further research. Reference [12] starts to extend this line of
work to a single-terminal multi-channel scenario. The pricing

analysis herein may be instrumental in an extension to a multi-
terminal situation. Along this line, it may be interesting to
embedded our analysis into a network model such as [6]’s.
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APPENDIX

Definition A.1. S : ℜ+ → [0,Y ], is an S-curve with unique
inflexion at x f if (i) S(0) = 0, S is (ii) continuously differ-
entiable, (iii) strictly increasing, (iv) convex over [0,x f ) and
concave over (x f ,∞), and (v) surjective (see figures 1 and 2).

Remark A.1. In Definition A.1, S is strictly increasing and
also surjective (for each y ∈ [0,Y ] there is an x ∈ ℜ+ such that
S(x) = y). Therefore, S must approach Y asymptotically as x

goes to infinity (i.e., this follows from the definition).
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