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ABSTRACT 

 

 

 

This thesis studies the congestion problem at the Medium Access Control 
(MAC) layer of the IEEE 802.11p system in highway scenarios using an 
analytical approach. Using the Carrier Sense Multiple Access/Collision 
Avoidance (CSMA/CA) protocol, the IEEE 802.11p system suffers from the 
hidden station problem. This thesis provides formal definitions for the hidden 
station condition and the hidden station problem and develops an analytical 
methodology for CSMA protocols to investigate the interaction between stations 
in mutual channel sensing range and hidden to each other. Analytical models are 
developed for broadcast communication using the generic CSMA protocol and 
the IEEE 802.11p MAC protocol with a one-dimensional (1-D) homogeneous 
network topology. Simulation studies prove the accuracy of the models in 
analyzing the reliability performance and the efficiency performance of CSMA 
broadcast communication with hidden stations. 

The performance of Cooperative Awareness Message (CAM) in 
IEEE 802.11p network is analyzed for highway scenarios using the developed 
analytical models. The study reveals that in a hidden station scenario the 
reliability performance of the CAM broadcast communication deteriorates with 
increased topological distance between the transmitter and the receiver. This 
study provides quantitative analysis of this performance with respect to network 
density, frame length, traffic load and settings of the IEEE 802.11p MAC 
protocol. Analysis of the mean update interval of CAM at a receiver vehicle 
discovers though in general the performance degrades with increased network 
density, the update interval of CAM frames from a particular vehicle in the 
vicinity of the receiver, e.g. with a topological distance less than 8 between the 
transmitter and the receiver, can be easily maintained below 1 second by using 
control mechanisms like transmit power control, transmit rate control and link 
control. The analytical models developed in this work provide quantitative 
guidance on optimizing protocol parameters and utilization of these control 
mechanisms. 
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KURZFASSUNG 

 

 

 

Anhand eines Autobahnszenarios untersucht die vorliegende Arbeit die 
Blockierungswahrscheinlichkeit der Medienzugriffsschicht des IEEE 802.11p 
Protokolls. Wegen des zugrundeliegenden Mehrteilnehmermedienzugriffprotokolls 
mit Kanalbelegungsdetektion und Kollisionsvermeidung (Carrier Sense Multiple 
Access/Collision Avoidance, CSMA/CA) reagiert IEEE 802.11p empfindlich auf 
das Vorhandensein von Stationen, die auß erhalb gegenseitiger 
Detektionsreichweite liegen (Hidden Station). Sowohl die Bedingungen, die die 
Prä senz von Hidden Stations kennzeichnen, als auch die mit ihrem 
Vorhandensein verbundene Problematik werden in dieser Arbeit formal 
beschrieben. Auß erdem wird in der vorliegenden Arbeit ein Modell entwickelt, 
welches die Interaktionen zwischen Stationen in- und auß erhalb gegenseitiger 
Detektionsreichweite analytisch erlä utert. Sowohl fü r mittels generischen CSMA 
als auch fü r mittels IEEE 802.11p versandter, ungerichteter Rundsprü che 
(Broadcastnachrichten) entwickelt der Autor ein analytisches Modell fü r eine 
eindimensionale homogene Netztopologie. Mittels Simulation wird die 
Ü bereinstimmung zwischen den stochastischen Vorhersagen der vorgenannten 
Modelle und realen Implementierungen bestä tigt. Daraus abgeleitet ermittelt der 
Autor die Zuverlä ssigkeit und Effizienz der Ü bertragung von mittels CSMA 
versandeter Broadcastnachrichten in Gegenwart von Hidden Stations. 

Vermittels der hier entwickelten analytischen Modelle wird die 
Leistungsfä higkeit des Austauschs von als Cooperative Awareness Message 
(CAM) bezeichneter Statusinformationen in IEEE 802.11p Netzen am Beispiel 
eines Autobahnszenarios untersucht. Die Untersuchungsergebnisse belegen, dass 
unter Berü cksichtigung von Hidden Stations die Zuverlä ssigkeit einer CAM 
basierten Broadcastkommunikation mit der topologischen Distanz zwischen 
Sender und Empfä nger schwindet. Diese Beobachtung wird gestü tzt durch eine 
quantitative Leistungsanalyse, welche die Dichte des Netzes, die Lä nge der 
versandten Datagramme, das Verkehrsaufkommen und unterschiedliche 
Konfigurationsparameter des IEEE 802.1p Protokolls berü cksichtigt. Die 
Auswertung des Intervalls der im Mittel erfolgreich empfangenen CAM 
Nachrichten belegt, dass mithilfe von Anpassungen der Medienzugriffsschicht, 
Sendeleistungs- und Senderatensteuerung das Aktualisierungsintervall bei 
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weniger als einer Nachricht pro Sekunde aufrechterhalten werden kann, unter 
der Voraussetzung dass die topologische Distanz zwischen Sender und 
Empfä nger acht oder weniger beträ gt. Basierend auf den vorgenannten 
Untersuchungen und dem dieser Arbeit entworfenen analytischen Modell werden 
quantitative Empfehlungen zur Konfiguration der Protokollmechanismen 
entworfen. 
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CHAPTER 1 

 
1 Introduction 

Introduction 

Intelligent Transport Systems (ITS) improve the safety and efficiency of the 
road transport system. Vehicular communication, as a part of ITS, enables the 
information exchange among vehicles and between vehicles and the road-side 
infrastructure using wireless technologies. ITS applications such as wireless local 
danger warning, cooperative awareness service and cooperative autonomous 
driving, require reliable short range communication among vehicles in a 
broadcast manner. IEEE 802.11p [11] is one of the wireless technologies that 
realize the vehicular communication for a range up to 1 km. 

1.1 Motivation 

IEEE 802.11p uses the Carrier Sense Multiple Access / Collision Avoidance 
(CSMA/CA) protocol for Medium Access Control (MAC). The CSMA protocol 
is based on the principle "listen before talk" and suffers from hidden stations. It 
is believed that the hidden station problem becomes severe in networks with 
high vehicle density. However, a tool for quantitatively analyzing the 
performance of CSMA protocol with hidden stations is still missing.  

This thesis addresses the challenge of mathematically modeling the 
performance of CSMA broadcast communication with hidden stations.  

1.2 Methodology 

According to the "listen before talk" principle, the behavior of each station1 
in a CSMA network is essentially determined by its local channel sensing result. 
This motivates the introduction of the generic CSMA protocol in this thesis, 
which abstracts the behavior of a CSMA protocol at a station to a single 
parameter 𝑝𝑡𝑥 , i.e. the conditional channel access probability defined in 

                                    

1In this thesis the term station refers to the unit that can communicate with others through radio 
links. 
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Section 3.1, when the system reaches equilibrium. This also ensures the 
developed hidden station model is applicable to any specific CSMA protocol, e.g. 
IEEE 802.11p, as presented in Chapter 6. 

At a given point in time distinct channel sensing results at stations that are 
spatially distant from each other give rise to the hidden station problem. 
Bearing this in mind, this study gives formal definitions of the hidden station 
condition, the hidden station problem, and hidden station scenarios according to 
the relation among stations established through the channel sensing operation, 
as given in Section 3.2.1. Besides, the concepts of hidden station unit and 
hidden station graph are introduced for facilitating the development of 
mathematical models. 

The fundamental assumption of the conditional independence between states 
of stations that belong to different clear channel partitions, as defined in 
Section 3.2.2, enables the mathematical expression of interactions among 
stations that are in mutual channel sensing range or hidden to each other. This 
leads to the hidden station model for broadcast communication in one-
dimensional (1-D) CSMA networks with an infinite number of stations, which in 
turn enables the calculation of various reliability and efficiency performance 
metrics of the system. 

Modeling broadcast communication with IEEE 802.11p protocol as a specific 
instance of the generic CSMA protocol in hidden station scenarios is achieved by 
mapping the conditional channel access probability 𝑝𝑡𝑥  in the generic CSMA 
protocol to the protocol parameter of IEEE 802.11p, i.e. the minimum 
contention window size 𝐶𝑊𝑚𝑖𝑛 , and the frame arrival rate 𝜆𝐹  at each station. 
This mapping is realized using the protocol model, which is originally developed 
in [2] for the binary exponential backoff process of IEEE 802.11 Distributed 
Coordination Function (DCF) [12] and adapted in Section 6.5 of this thesis for 
the broadcast communication with IEEE 802.11p. The developed model can be 
used to evaluate the performance of Cooperative Awareness Message (CAM) [1] 
in highway scenarios, as shown in Chapter 7. 

Monte Carlo simulations are employed for validating the developed 
analytical models, as well as for testing the fundamental assumptions made in 
this these. 

1.3 Contributions 

This thesis develops MAC layer analytical models for IEEE 802.11p 
broadcast communication in infinite 1-D networks with hidden stations. The 
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developed models give closed-form solutions of the system's reliability 
performance, e.g. the interference-free probability of a frame at a given receiver, 
and efficiency performance, e.g. the system's goodput, as well as the delay 
performance, e.g. the MAC layer channel access delay. 

Using the developed analytical models this thesis evaluates the performance 
of CAM broadcast in IEEE 802.11p vehicular ad-hoc network (VANET) in 
highway scenarios. The rule of performance degradation in CAM broadcast with 
increased topological distance between the transmitter and the receiver is 
revealed with respect to the network density, the frame length and the 
transmission frequency of CAM, and protocol settings of IEEE 802.11p. In this 
way, the developed analytical models provide quantitative guidance to 
congestion control mechanisms in IEEE 802.11p VANET such as transmit 
power control, transmit rate control, and link control, to meet a specific 
performance requirement of CAM, e.g. from the standard ETSI EN 302 637-2 
[1]. 

The proposed methodology for analyzing the hidden station problem in 
CSMA network is another major contribution of this thesis. By testing the 
proposed fundamental assumption about the conditional independence between 
states of stations that belong to different clear channel partitions (see the 
according definition in Section 3.2.2) in a randomly generated two-dimensional 
(2-D) CSMA network (in Appendix A), this thesis shows the potential of the 
proposed methodology in analyzing hidden station related problems in more 
generic scenarios than the infinite 1-D network specified in Chapter 4 of this 
thesis. 

1.4 Outline 

This thesis is structured as follows:  

Chapter 2 reviews the Wireless Access in Vehicular Environments (WAVE) 
[20, 23] and IEEE 802.11p [11] technologies for Inter-Vehicle Communication 
(IVC) [1] and the related work on modeling the hidden station problem in 
CSMA and IEEE 802.11p networks.  

Chapter 3 provides formal definitions for the hidden station condition, the 
hidden station problem and hidden station scenarios, and proposes the analytical 
approaches for building models for CSMA protocols with hidden stations based 
on two fundamental assumptions. 
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In Chapter 4 the system model for the modeling work in this thesis is 
presented. Particularly, this thesis focuses on the homogeneous 1-D CSMA 
network with an infinite number of stations. 

The hidden station model for the generic CSMA protocol is developed in 
Chapter 5. The interaction among stations in a 1-D hidden station scenario is 
modeled through time- and space-domain Markov chains based on the two 
fundamental assumptions introduced in Chapter 3 and the ergodicity property 
of the system. The hidden station model is validated by comparing analytical 
results to simulation results with respect to the reliability and efficiency 
performance of the system.  

Chapter 6 models the broadcast communication in the IEEE 802.11p 
network based on 1) the hidden station model from Chapter 5 and 2) a protocol 
model that is derived from the work in [2]. The accuracy of the developed model 
is confirmed by simulation study results for both, saturated and unsaturated 
traffic loads. 

Chapter 7 applies the developed models for analyzing the performance of the 
CAM application in highway scenarios. Despite the diversity between the 
network topology on multi-lane highways and our idealized 1-D network model, 
the analytical results well match the simulated ones. The analytical models are 
further used as tools for providing guidance to performance optimization of the 
CAM broadcast application in a quantitative manner. With insights gained from 
the analytical models, we conclude that the CAM broadcast application in 
IEEE 802.11p networks satisfies the requirement of standard ETSI EN 302 637-
2 [1] in the vicinity of a vehicle, if appropriate control mechanisms are employed.  

Chapter 8 concludes this thesis. 
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CHAPTER 2 

 
2 IEEE 802.11p for Inter-Vehicle Communication 

IEEE 802.11p for Inter-Vehicle Communication 

2.1 Wireless Access in Vehicular Environments (WAVE) and 
IEEE 802.11p  

WAVE [20, 23] is a radio communication system developed by the 802.11 
and 1609 working groups of IEEE for ITS applications [1] at 5.9 [GHz] band 
based on IEEE 802.11 WLAN technologies. 

Standardization of the WAVE system is a joint effort of IEEE and American 
Society of Testing and Materials (ASTM). The system architecture is shown in 
Figure 2.1. Standard ASTM E2213-02 prepared by ASTM subcommittee E1751 
and reissued as ASTM E2213-03 in year 2003, has been approved and accepted 
as the basis rule for the U.S.-American 5.9 [GHz] ITS band. Motivated by 
adopting standard ASTM E2213 by standard IEEE 802.11 as an amendment, 
the study group WAVE of IEEE 802.11 was formed and was formally 
transferred into IEEE 802.11 Task Group p (TGp) in year 2004. The 

 

Figure 2.1: Architecture of WAVE system 
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standardization of IEEE 802.11p Physical Layer (PHY) and MAC protocols has 
been accomplished in year 2010 [11]. 

WAVE application services, i.e. higher layers on top of the IEEE 802.11p 
MAC, are standardized by working group IEEE 1609. Different layers and tasks 
concerning the WAVE application services are addressed by four dedicated 
projects. Project P1609.1 [20] known as WAVE Resource Manager describes an 
application resource manager for the WAVE system. P1609.2 [21] concentrates 
on security services for applications and management messages. Networking 
services operating at network and transport layers are specified by P1609.3 [22]. 
Project P1609.4 [23] describes multi-channel wireless radio operation on top of 
IEEE 802.11p basic MAC, including control channel and service channel 
switching and routing and prioritized channel access. 

This thesis focuses on IEEE 802.11p MAC layer that is based on the 
CSMA/CA protocol, and studies its performance in scenarios with hidden 
stations. A detailed introduction to the MAC layer of IEEE 802.11p is given in 
Section 6.2 right before the development of the analytical model for this system.  

2.2 Related Work 

The hidden station problem in CSMA network is first addressed in [26]. 
However, an accurate analysis of the effect of hidden stations on the 
performance of a random access protocol is still an open issue [29], and finding 
the overlapping transmission times of hidden stations is a serious challenge [18]. 
This thesis is an attempt to directly address this challenge using the analytical 
approaches proposed in Chapter 3. 

The throughput performance of CSMA networks with hidden stations is 
analyzed in [9] for both, a 1-D loop network with uniformly (regularly) 
distributed stations and a 2-D network with randomly distributed stations, 
whose positions follow a Poisson distribution. In order to calculate the collision 
probability of a frame from a given transmitting station (𝐴) to a given receiving 
station (𝐵), two zones are defined in [9], namely the relevant zone and the 
hidden station zone. The relevant zone consists of all stations that have 𝐴 in the 
channel sensing range and whose transmission can disturb 𝐵′s reception of 
frames from 𝐴 at the same time. The hidden station zone consists of all stations 
that do not have 𝐴 in the channel sensing range but whose transmission can 
disturb 𝐵′s  reception of frames from 𝐴.  The calculation of frame collision 
probability in [9] is based on the implicit assumption that the numbers of active 
stations in the relevant zone and in the hidden station zone are constant, which, 
as shown in Section 5.6.2.1 of this thesis for the 1-D loop CSMA network, is 
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very weak. This thesis solves this problem by analyzing the interaction among 
stations in both zones from both time and space perspectives based on the 
conditional independence assumption. As a result, the distribution of the number 
of stations between two adjacent transmitting stations at a given time in the 
1-D network is derived in Section 5.3.3, i.e. the distribution of inter-transmitter 
distance 𝑑𝑇𝑋 . 

 In our model the unit of time is a fixed slot time. We use the fixed slot time 
to develop an analytical model based on the first order dependence [28] of 
system states in consecutive time slots as presented in [29]. However, scope and 
methodology of analysis in this thesis are different from [29]. Whereas [29] 
analyzes the performance of three stations that implement the IEEE 802.11 DCF 
protocol to send unicast frames in a hidden station scenario, we focus on 
modeling the interaction among stations either in mutual channel sensing range 
or hidden to each other under a stationary conditional channel access 
probability. Our approach pursues the conditional independence assumption as a 
fundamental rule for interpreting the dependence among hidden stations. An 
analytical model of CSMA broadcast in 1-D network with an infinite number of 
stations is developed in this thesis as an application example of the proposed 
approach.  

The authors of [7] assume a 1-D linear highway topology to develop an 
analytical model for IEEE 802.11p [11] compliant broadcast transmission. They 
outline that the asynchronous, overlapping transmissions of hidden stations 
prolong the channel busy time. Because the authors assume independence among 
the hidden nodes' transmissions they make use of a Poisson process to simplify 
the calculation of the channel busy time. In consequence, the authors develop an 
approximation of the average channel busy time used to evaluate the 
performance of IEEE 802.11p broadcast in the aforementioned scenario. Chapter 
5 of this thesis addresses the same network topology studied in [7] and develops 
an analytical model describing the detailed interaction among stations running 
the generic CSMA protocol. The accurate results of the mean channel busy time 
and the distribution of inter-transmitter distance obtained in this thesis 
(Chapter 5) are attributed to our fundamental assumption of the conditional 
independence between states of stations that belong to different clear channel 
partitions. See Section 3.2.2. This also explains why the assumption of 
independent transmissions from hidden stations in [7] yields approximate results 
when the conditional channel access probability at each station is low. See 
Section 5.6.2.3. 
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CHAPTER 3 

 
3 CSMA Protocol and Hidden Station Problem 

CSMA Protocol and Hidden Station Problem  

3.1 CSMA MAC Protocol 

The hidden station model developed in this thesis is for the generic CSMA 
protocol and applicable to any specific instance of the generic CSMA protocol 
such as IEEE 802.11p [11], which is discussed in Chapter 6. 

Any CSMA protocol, according to which the behavior of a station can be 
described by the following paragraph after the system reaches equilibrium, is 
considered to be an instance of the generic CSMA protocol with the conditional 
channel access probability 𝑝𝑡𝑥 : 

When a station has sensed the channel as idle for a given duration, i.e. a slot 
time (𝜎 seconds), with probability 𝑝𝑡𝑥  the station starts to transmit and with 
probability 1− 𝑝𝑡𝑥  the station refrains from transmitting and waits for the next 
time the channel is sensed idle for a slot time and repeats the process. If the 
channel is sensed busy, i.e. at least one station in its channel sensing range is 
transmitting, the station defers its transmission attempt and waits for the 
channel returning to idle state. [17] 

The conditional channel access probability 𝑝𝑡𝑥  of the generic CSMA protocol 
is different from any protocol-specified transmission probability, e.g. the 
parameter 𝑝  in 𝑝 -persistent CSMA protocol. According to the 𝑝 -persistent 
CSMA protocol specified in [17], a station behaves as follows: 

"Consider a ready terminal. If the channel is sensed idle, then: with 
probability 𝑝, the terminal transmits the packet; or with probability 1− 𝑝, the 
terminal delays the transmission of the packet by 𝜏 seconds, (i.e. one slot). If at 
this new point in time, the channel is still detected idle, the same process is 
repeated. Otherwise, some packet must have started transmission, and our 
terminal schedules the retransmission of the packet according to the 
retransmission delay distribution (i.e. acts as if it had conflicted and learned 
about the conflict)." [17] 

The probability 𝑝 in 𝑝-persistent CSMA is specified by the protocol and 
conditioned on the event that the station is ready, whereas the conditional 
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channel access probability 𝑝𝑡𝑥  of the generic CSMA protocol is not conditioned 
on the event that the station is ready. 𝑝𝑡𝑥  represents the converged channel 
access probability conditioned on the channel being idle for a slot time in any 
CSMA protocol, when the system reaches equilibrium. Even for a specific CSMA 
protocol with fixed parameters, 𝑝𝑡𝑥  at a station may converge to different values 
depending on the scenario and the traffic load. Using 𝑝𝑡𝑥  instead of a protocol-
specified transmission probability is essential for developing a model with hidden 
stations that is applicable to arbitrary CSMA protocols, as shown in Chapter 6 
for the IEEE 802.11p protocol [11]. 

Unless otherwise stated, in this thesis the term CSMA protocol refers to the 
generic CSMA protocol taking into account the conditional channel access 
probability 𝑝𝑡𝑥 . The mathematical model developed in this thesis for analyzing 
the hidden station problem with CSMA protocol is referred to as hidden station 
model. 

3.1.1 Assumption of Stationary Conditional Channel Access Probability 

In order to study the steady state performance of CSMA protocols, we make 
the following fundamental assumption about the conditional channel access 
probability in equilibrium: 

Assumption 2.1: When the system reaches equilibrium and a station 
senses the channel as idle for a given duration 𝜎, the conditional channel access 
probability  𝑝𝑡𝑥  that the station starts to transmit is independent of other 
stations and independent of the temporal point that this probability is tested. 

This assumption is referred to as stationary conditional channel access 
probability under CSMA protocols in this thesis.  

3.2 Hidden Station and Hidden Station Problem 

3.2.1 Definitions of Hidden Station and Hidden Station Problem 

For a station 𝑥 in a given scenario, the Clear-Set 𝐶(𝑥) of 𝑥 is defined as the 
set of stations that satisfy 

 

Pr the station is transmitting | the channel at x is sensed as idle = 0  

    (3.1) 
Obviously, station 𝑥 itself is an element of set 𝐶(𝑥). 

If stations 𝑥, 𝑦, and 𝑧, where 𝑥 ≠ 𝑦, satisfy 
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Pr 𝑥 ∈ 𝐶 𝑧 |𝑥 ∈ 𝐶 𝑦 , 𝑧 ∈ 𝐶 𝑦  = 0     (3.2) 
 

𝑥 is defined to be hidden to 𝑧 with respect to 𝑦. It has to be noted that for the 
above criterion it is not necessary that 𝑧 is hidden to 𝑥 with respect to 𝑦. 

At a given time, the hidden station problem occurs at station 𝑦, if 𝑥 and 𝑧 
transmit simultaneously, provided that 𝑥  is hidden to 𝑧  with respect to 𝑦 
according to Eq.(3.2). The hidden station problem is a receiver side problem and 
has the same effect at all stations having the same Clear-Set.  

For a given scenario, set 𝐻  is called a hidden station unit (HU), if it 
includes all stations having the same Clear-Set:  

∀𝑖,∀𝑗, 𝑖 ∈ 𝐻 , 𝑗 ∈ 𝐻  Pr 𝐶 𝑖  is identical to 𝐶(𝑗) = 1  (3.3) 

 

Here we define the Clear-Set 𝐶 𝐻  of a hidden station unit 𝐻 to be the 
Clear-Set of its elements: 

∀𝑖 ∈ 𝐻 , 𝐶 𝐻 ≜ 𝐶 𝑖      (3.4) 
 

3.2.2 Assumption of Conditional Independence (CI) 

We use directed graphs [2], which are referred to as hidden station graphs in 
this thesis, to introduce another fundamental assumption about CSMA in 
hidden station scenarios. In Figure 3.1, vertices in the hidden station graph 
exemplify HUs and edges exemplify pairs of HUs, where any element of one HU 
is in the Clear-Set of another HU. For two distinct HUs 𝐻 and 𝐻´ , the direction 
of the edge is pointing from 𝐻´  to 𝐻, if there exists a station 𝑥 satisfy: 

𝑥 ∈ 𝐶 𝐻  AND 𝑥 ∈ 𝐻´ \𝐻     (3.5) 
 

Where, 𝐻´ \𝐻 consists of all elements of 𝐻´  which are not elements of 𝐻 

We use 𝐷(𝑉 ,𝐸) to denote the directed graph, where 𝑉  is the vertex set and 
𝐸 is the edge set of the graph 𝐷. 

If a hidden station graph consists of at least one HU that is not isolated (see 
§ 1.2 in [5]), i.e. having at least one neighbor, we call the scenario represented by 
this hidden station graph a hidden station scenario.  

Here we define the clear channel operation (CCO) over a hidden station 
graph 𝐷(𝑉 ,𝐸) with respect to a vertex 𝑣, 𝑣 ∈ 𝑉 :  
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If, at a given time, a vertex 𝑣, i.e. all stations in the HU 𝑣, in a hidden 
station graph 𝐷(𝑉 ,𝐸)  senses the channel as idle, graph 𝐷  is updated by 
deleting all directed edges pointing to 𝑣 as well as all directed edges originating 
from 𝑣. It has to be pointed out that stations contained in one HU do not 
necessarily have the identical capability of interfering other stations. Therefore, 
part of the edges going out of a vertex other than 𝑣 may be deleted after the 
CCO, while others edges going out of the same vertex may stay. A practical 
example of such a vertex is a HU consisting of stations having the same clear 
channel assessment threshold level at receivers but different transmit power 
levels at transmitters.  

If 𝑆,𝑆 ⊂ 𝑉 , is the minimal set of vertices, to which applying the clear 
channel operation will result in more than one disjoint subgraphs of 𝐷 on vertex 
set 𝑉 \𝑆, we define 𝑆 as a clear channel separator (CCS) set, or separator set, of 
the hidden station scenario, and the resulting disjoint subgraphs as clear channel 
partitions (CCPs). Where, 𝑉 \𝑆  consists of all elements of 𝑉  which are not 
elements of 𝑆. An example of CCS and CCPs is shown in Figure 3.1, where the 
clear channel operation to CCS [D, E] results in two CCPs [A, B, C] and [F, G]. 

Besides, we define the event that a station senses the channel as busy or as 
idle or transmits a frame as the state of the station. As a consequence of the idle 
channel, a station always attempts to access the channel with probability 𝑝𝑡𝑥 . 
Therefore, the channel is not idle if a station refrains from accessing the channel, 
e.g. due to Inter-Frame Spaces or the Network Allocation Vector in IEEE 802.11 
[12], even if no signal is detected at that moment. 

For a hidden station scenario, we make the following assumption: 

 

Figure 3.1: Example hidden station graph of a hidden station scenario and 
clear channel operation 
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Assumption 2.2: If 𝑆  is a clear channel separator of a hidden station 
scenario and at a given time all elements of 𝑆 sense the channel as idle, the state 
of stations in one of the resulting clear channel partition is independent from the 
state of stations in other resulting clear channel partition(s). 

In the rest of this thesis, this assumption is referred to as conditional 
independence of clear channel partitions on idle separator, or conditional 
independence (CI), in short. A validation of the conditional independence 
assumption in random generated 2-D network topologies using chi-square test of 
independence is given in Appendix A. 

3.3 Summary 

In order to study the steady state performance of a CSMA protocol with 
hidden stations, we characterize the protocol using the conditional channel 
access probability 𝑝𝑡𝑥  and give formal definitions of the hidden station condition, 
the hidden station problem, and hidden station scenarios. The two fundamental 
assumptions proposed in this chapter, namely stationary conditional channel 
access probability under CSMA protocols and conditional independence, serve as 
bases of modeling the interaction among interfering stations in hidden station 
scenarios, as shown in following chapters.  
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CHAPTER 4 

 
4 System Model 

System Model 

This thesis studies the steady state performance of CSMA broadcast 
communication with hidden stations. In addition to the two fundamental 
assumptions, i.e. stationary conditional channel access probability and 
conditional independence introduced in Chapter 3, the following assumptions are 
introduced for developing tractable analytical models. 

4.1 Homogeneous Behavior of Stations 

There are 𝑁𝐻  stations in each HU. We focus on the case of 𝑁𝐻 = 1. 

A CSMA compliant station senses the channel as idle, when no station in its 
Clear-Set is transmitting. Otherwise, if at least one station in its Clear-Set, but 
not the station itself, is transmitting, it senses the channel as busy. At a given 
time, a station may either be sensing the channel (receiving a frame in case of 
busy channel) or transmitting, but not both simultaneously. [17] 

The number of neighboring stations 𝑁  in the Clear-Set 𝐶 𝑥  of station 𝑥 
depends on the network topology, as well as the transmit power of other stations 
and the receiver performance of 𝑥. In this thesis, we assume that all stations 
follow the same CSMA protocol and have identical receiver performance and 
transmit power. It is worth mentioning that in hidden station scenarios even if 
all stations have identical protocol parameters and identical traffic loads the 
stationary conditional channel access probability 𝑝𝑡𝑥  may vary at different 
stations due to the uneven network topology, i.e. the local density of stations.  

4.2 Slotted Time Axis 

As assumed in [17] for the slotted version of 𝑝-persistent CSMA, the time 
axis is assumed slotted with slot size 𝜎 seconds. All stations are assumed time 
synchronized and to start transmission only at the beginning of a slot. In this 
thesis, we adopt this assumption from [17]. Unless otherwise stated, 𝜎 is used as 
the unit of time in the rest of this thesis. 
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In a practical CSMA protocol, such as IEEE 802.11 DCF, the slot time 𝜎 is 
implemented as the backoff slot time 𝑎𝑆𝑙𝑜𝑡𝑇𝑖𝑚𝑒, which accommodates the 
RX/TX turnaround time of the Physical Layer (PHY), signal propagation delay, 
and the energy detection delay for channel sensing [12]. 

4.3 Fixed Frame Length 

In this thesis, all frames are of constant length 𝑙  seconds. Given the 
assumption of slotted time axis, the frame length can also be expressed in the 
unit of time slot 𝜎:  

𝐿 =  
𝑙

𝜎
   (4.1) 

 

Where,  𝛼  takes the next integer that is equal or greater than 𝛼. 

4.4 1-D Network Topology with an Infinite Number of 
Stations 

Models developed in this thesis are for the one-dimensional (1-D) topology 
with an infinite number of stations, which transmit broadcast frames according 
to CSMA protocol. For this network topology we assume: 

An infinite number of stations is uniformly distributed in a 1-D network 
with fixed 2  spacing 1/𝛽  [m], where 𝛽  [station/m] is the spatial density of 
stations.  

According to the homogeneous behavior assumption of stations made in 
Section 4.1, we define the one-side channel sensing range 𝑟 [m] of a station 𝑥 to 
be the distance, within which any transmission can be sensed by station 𝑥. 𝑟 
may be at either right or left side of station 𝑥. In this linear network, the 
number of stations 𝑅 in the one-side channel sensing range 𝑟 is identical for all 
stations. 𝑅 is calculated as:  

𝑅 =  𝑟 ⋅ 𝛽      (4.2) 
 

Where,  𝛼  takes the last integer that is less or equal to 𝛼. 𝑅 is also referred to 
as the number of one-side neighboring stations.  

                                    
2 This models vehicles either driving at similar speed keeping the appropriate safety distance or 

waiting in a traffic jam. 
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In this 1-D network, the number of neighboring stations 𝑁  in the Clear-Set 
of a station excluding the station itself is given as: 

𝑁 = 2 ⋅ 𝑅  (4.3) 
 

Figure 4.1 shows the network topology of this scenario, where all stations are 
placed with equal spacing 1/𝛽 [m].  

Here we introduce the concept of R-Zone in the 1-D network, which is 
defined as the minimum spatial area that covers 𝑅 + 1 spatially contiguous 
stations. One property of R-Zone is that any transmission in a R-Zone causes all 
other stations in the same R-Zone failing in sensing the channel idle. A direct 
consequence of this property is that transmissions from stations in the same 
R-Zone are always synchronized. In the given 1-D network, each station belongs 
to 𝑅 + 1 different R-Zones.  

According to the definition of hidden station unit in Section 3.2.1 and the 
conditional independence assumption introduced in Section 3.2.2, each hidden 
station unit in this scenario contains exactly one station and each station is a 
clear channel separator of this hidden station scenario. See Section 3.2.2.  

Although the analytical models in this thesis are developed for the above 
defined 1-D network, simulation studies in Chapter 7 show the developed models 
are accurate in analyzing IEEE 802.11p broadcast communication in multi-lane 
highway scenarios too. 

Besides, in this thesis a distance measured in units of stations is a topological 
distance. 

 

Figure 4.1: Topology of infinite 1-D network with hidden stations  
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4.5 Other Assumptions 

The behavior and performance of stations running a specific CSMA protocol 
in a hidden station scenario heavily depends on the protocol parameters. 
Therefore, analytical models are developed for specific CSMA protocols, as 
presented in Chapter 5 to Chapter 7. The assumptions associated with specific 
protocols are introduced previous to the corresponding model. 

4.6 Summary 

For the sake of tractable mathematic solution, this chapter makes common 
assumptions for analytical models developed in this thesis, namely homogenous 
behavior of stations, slotted time axis, fixed frame length and 1-D network 
topology. It is worth mentioning that the two fundamental assumptions 
introduced in Chapter 3, i.e. stationary conditional channel access probability 
and conditional independence are the essential bases of all developed models in 
this work and have much broader scope of application than presented here. This 
means by releasing some of the assumptions made in this chapter one can still 
get valid analytical models in different form and mathematical expression other 
than presented in the following chapters, as far as the two fundamental 
assumptions are respected. 
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CHAPTER 5 

 
5 Hidden Station Model for CSMA Broadcast in Infinite 1-D Network 

Hidden Station Model for CSMA Broadcast in 
Infinite 1-D Network 

5.1 Modeling Approach 

A per-station time-domain Markov chain is developed in Section 5.2 
according to the CSMA protocol and the interaction between the station and its 
neighboring stations in the infinite 1-D scenario. 

Solving the transition probabilities of the time-domain Markov chain 
requires the spatial distribution of transmitting stations at any given time slot. 
For this purpose, a space-domain Markov chain is developed in Section 5.3. 

According to the homogeneous behavior assumption, all stations in this 
scenario can be described using the same time-domain Markov chain. The 
transition probabilities in both time- and space-domain Markov chains are 
calculated based on the distribution of the size of channel free area  𝑑𝐹  , which 
is defined as the number of consecutively located stations that sense the channel 
as idle at the same time. According to the conditional independence assumption 
made in Section 3.2.2, 𝑑𝐹  follows a geometric distribution. See Section 5.3. 

To solve the time- and space-domain Markov chains, we use the ergodicity 
property of Markov chains. ([8] p.270) The resulting limiting distribution of 
states and transition probability matrices of the Markov chain models are used 
to derive the performance metrics of the protocol such as the expected channel 
idle or busy duration, the interference-free probability of a reception burst and 
the goodput of CSMA broadcast, as presented in Section 5.5. 

The developed hidden station model takes three input parameters: 
conditional channel access probability 𝑝𝑡𝑥 , see Section 3.1, the frame length 𝐿 
expressed in the unit of slot time 𝜎, see Eq.(4.1), and the number of stations 𝑅 
in one-side channel sensing range 𝑟, see Eq.(4.2). 
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5.2 Per-Station Time-Domain Markov Chain for CSMA 
Broadcast in Infinite 1-D Scenario 

5.2.1 State of Station in Hidden Station Scenario 

In the infinite 1-D scenario, without loss of generality, we analyze the state 
of a station between two spatially adjacent transmitting stations at any given 
time. All possible states of a station are illustrated in Figure 5.1 to Figure 5.3, 
where 𝑇𝑋1 and 𝑇𝑋2 denote the spatial positions of two adjacent transmitting 
stations. 𝑑𝑇𝑋   is the distance between two adjacent transmitters in the unit of 
1/𝛽 [m]. 

At a given point in time, depending on the value of 𝑑𝑇𝑋  and the distance to 
𝑇𝑋1 and 𝑇𝑋2, a station may be in one of the following six states: Idle (I), 
Hidden Station Vulnerable (V), Blocked (B), Virtually Blocked-Early 
Case (VBE), Virtually Blocked-Late Case (VBL), and Transmitting (TX). 
Besides, we define a super-state Receiving Busy (RB) comprising 
states 𝑉 , 𝐵, 𝑉𝐵𝐸 and 𝑉𝐵𝐿. 

When we talk about the spatial occupancy of stations, 𝐼 , 𝑉 , 𝑉𝐵𝐸, 𝑉𝐵𝐿 and 
𝐵 are also used to denote the maximal spatial areas composed of contiguously 
located stations that are in the same denoted state, e.g. as shown in Figure 5.1 
to Figure 5.3. 

5.2.1.1 State of Station in case of 𝑑𝑇𝑋 ≥ 2𝑅 + 2 

Figure 5.1 illustrates the situation when 𝑑𝑇𝑋 ≥ 2𝑅 + 2. Besides 𝑇𝑋1 and 

 

Figure 5.1: State of stations in case of dTX≥2R+2 
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𝑇𝑋2, which are in state 𝑇𝑋, a station between 𝑇𝑋1 and 𝑇𝑋2 may be either in 
state 𝐼 , if neither 𝑇𝑋1 nor 𝑇𝑋2 is in its channel sensing range 𝑟, or in state 𝑉 , if 
either 𝑇𝑋1 or 𝑇𝑋2 is in its channel sensing range. A station in state 𝑉  is 
vulnerable to any transmission from one of the idle stations in its channel 
sensing range. 

5.2.1.2 State of Station in case of 𝑅 + 1 ≤ 𝑑𝑇𝑋 ≤ 2R + 1 

Figure 5.2 shows the situation 𝑅 + 1 < 𝑑𝑇𝑋 ≤ 2𝑅 + 1. A station between 
𝑇𝑋1 and 𝑇𝑋2 may either be in state 𝐵, if both 𝑇𝑋1 and 𝑇𝑋2 are in its channel 
sensing range 𝑟, or be virtually blocked, if only one station 𝑇𝑋1 or 𝑇𝑋2 is in its 
channel sensing range 𝑟. If 𝑇𝑋1 and 𝑇𝑋2 start transmitting simultaneously, the 
virtually blocked stations are in 𝑉𝐵𝐸 state. If the transmissions from 𝑇𝑋1 and 
𝑇𝑋2 are not synchronized and only the earlier transmitting station of 𝑇𝑋1 and 
𝑇𝑋2 is in the channel sensing range of a virtually blocked station, this station is 
in 𝑉𝐵𝐸 state. Otherwise, if only the later transmitting station of 𝑇𝑋1 and 𝑇𝑋2 
is in the channel sensing range of a virtually blocked station, this station is in 
𝑉𝐵𝐿 state. Figure 5.2 (a) shows an example situation, where 𝑇𝑋1 and 𝑇𝑋2 start 
transmission simultaneously. Figure 5.2 (b) shows an example situation, where 
𝑇𝑋2 starts transmitting later than 𝑇𝑋1. 

5.2.1.3 State of Stations in case of 𝑑𝑇𝑋 ≤ 𝑅 

If 𝑑𝑇𝑋 ≤ 𝑅, all stations between 𝑇𝑋1 and 𝑇𝑋2 are in state 𝐵, as both 𝑇𝑋1 
and 𝑇𝑋2 are in their channel sensing range, as shown in Figure 5.3. 

 

Figure 5.2: State of stations in case of R+1≤dTX≤2R+1 
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5.2.2 Per-Station Time-Domain Markov Chain 

The per-station Markov chain describing CSMA broadcast communication is 
illustrated in Figure 5.4. This Markov chain is also referred to as time-domain 
Markov chain because the transitions takes place at the start of each time slot 
𝜎, which is defined in Section 4.2. As a consequence, all states in this Markov 
chain have concrete meaning in time-domain. Owing to the same reason, all 
states of a station introduced in the last section, except for state 𝐼 , are extended 
according to their measure in time-domain and divided into sequential sub-states 
in this Markov chain. Note: States with dashed circles in Figure 5.4 are 
duplicated symbols for states with the same name for the sake of easy 
presentation. 

5.2.2.1 States in Time-Domain Markov Chain 

𝐼 is the state that a station senses the channel as idle in the current time 
slot. 

𝑇𝑋 𝐿 ,𝑛 , 𝑛 = 1,2,… ,𝐿 are the extended sub-states of state 𝑇𝑋. The first 

index value is the total length of state 𝑇𝑋 in the unit of slot time 𝜎. Owing to 
the assumption of constant frame length introduced in Section 4.3, the total 
length of state 𝑇𝑋 is always 𝐿.3 The second index value 𝑛 indicates that the 
current time slot is the 𝑛-th time slot of the frame in transmission. 𝑇𝑋(𝐿 ,𝐿) is 

                                    
3 It would be possible in principle to extend the Markov chain to represent variable length of TX 

duration but this may potentially increase the state space and the number of transitions. 

 

Figure 5.3: State of stations in case dTX≤R 
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the last sub-state in state 𝑇𝑋. As a convention for denoting a sub-state in the 
time-domain Markov chain, the subscript (𝑙,𝑛) always denotes the 𝑛-th sub-
state of a state with a total length of 𝑙, where 1 ≤ 𝑙 ≤ 𝐿 and 1 ≤ 𝑛 ≤ 𝑙. 

𝑉 𝐿 ,𝑛 , 𝑛 = 1,2,… ,𝐿  are the extended sub-states of state 𝑉 . The total 

length of state 𝑉  is always 𝐿 in this model. and 𝑉(𝐿 ,𝐿) is the last sub-state in 

state 𝑉 .  

𝐵 𝐿−𝑚 ,𝑛 , 𝑚 = 0,1,… ,𝐿 − 1;  𝑛 = 1,2,… ,𝐿 −𝑚 are the extended sub-states 

of state 𝐵. The maximum length of a state 𝐵 is 𝐿 in this model. As a station 
may enter state 𝐵 from a sub-state of 𝑉 , state 𝐵 may have a total length less 
than 𝐿. For this reason, in addition to 𝐿, the parameter 𝑚 is introduced to 
calculate the actual total length of state 𝐵. State 𝐵 if entered from the sub-state 
𝑉(𝐿 ,𝑚 ) has the total length of 𝐿 −𝑚, as shown in Figure 5.4. For a 𝐵 state with 

a total length of 𝐿 −𝑚, the last sub-state is 𝐵(𝐿−𝑚 ,𝐿−𝑚 ). 

𝑉𝐵𝐸 𝐿 ,𝑛 ,𝑛 = 1,2,… ,𝐿 are the extended sub-states of 𝑉𝐵𝐸. In this model, 

the total length of state 𝑉𝐵𝐸 is always 𝐿. 

𝑉𝐵𝐿 𝐿−𝑚 ,𝑛 , 𝑚 = 1,2,… ,𝐿 − 1;𝑛 = 1,2,… ,𝐿 −𝑚  are the extended sub-

states of 𝑉𝐵𝐿. In this model, the maximum total length of state 𝑉𝐵𝐿 is 𝐿 − 1. 
This is due to the fact that a station in 𝑉𝐵𝐿 state is synchronized to the later 
transmitting station, which implies that the earlier transmitting station has been 
already in 𝑇𝑋 state at least since the previous time slot, as shown in Figure 5.2 
(b). A station enters the 𝑉𝐵𝐿 state with a total length of 𝐿 −𝑚, when the early 
transmitting station was in the sub-state 𝑇𝑋 𝐿 ,𝑚  in the previous time slot. 

𝑉𝐵𝐿(𝐿−𝑚 ,𝐿−𝑚 ) is the last sub-state of the 𝑉𝐵𝐿 state with the total length of 

𝐿 −𝑚. 

5.2.2.2 Transition Probabilities in Time-Domain Markov Chain 

With respect to the notation of transition probabilities in a Markov chain, 
we adopt the conventions used in [25]: Let 𝑠(𝑡) denotes the state of the station 
at time 𝑡. Given arbitrary state 𝐴 and state 𝐵 in a Markov chain, for the one 
step transition probability from 𝐴 at time 𝑡 to 𝐵 at time (𝑡+ 1), we use the 
short notation 𝑃 𝐵𝑡+1  𝐴𝑡 = 𝑃{𝑠 𝑡+ 1 = 𝐵|𝑠 𝑡 = 𝐴} . Note, here time 𝑡  is 
normalized to a slot time 𝜎 . Let 𝜋𝐴 = lim𝑡→∞ Pr{𝑠 𝑡 = 𝐴} be the limiting 
probability of the state 𝐴 in the Markov chain. 𝝅 = (𝜋1 ,𝜋2 ,… ,𝜋𝑛 ) is the state 
distribution vector of the Markov chain, with 𝑛 being the total number of states. 
The time independent one-step state transition probability from state 𝐴 to state 
𝐵 is denoted as 𝑝𝐵 ,𝐴 . 
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All non-zero transition probabilities of the time-domain Markov chain are 
depicted in Figure 5.4. All transition probabilities in this model can be expressed 
using the following nine supporting probabilities. Note: These nine supporting 
probabilities are not the transition probabilities of the Markov chain. 

1) 𝑝𝐼 |𝐼
′  is the probability that a station senses the channel as idle in the next 

time slot conditioned on it senses the channel as idle in the current time 
slot. 

2) 𝑝𝑇𝑋 |𝐼
′  is the probability that a station starts transmitting in the next time 

slot conditioned on it senses channel as idle in the current time slot. 
3) 𝑝𝑉 |𝐼

′  is the probability that a station enters the hidden station vulnerable 

area 𝑉  in the next time slot, as indicated in Figure 5.1, conditioned on it 
senses the channel as idle in the current time slot. 

4) 𝑝𝐵 |𝐼
′  is the probability that a station enters the blocked area 𝐵 in the 

next time slot conditioned on it senses the channel as idle in the current 
time slot, as indicated in Figure 5.2 (a) and Figure 5.3. 

5) 𝑝𝑉𝐵𝐸 |𝐼
′ is the probability that a station enters the virtually blocked area - 

early case 𝑉𝐵𝐸 in the next time slot, as indicated in Figure 5.2 (a) and 
Figure 5.2 (b), conditioned on it senses the channel as idle in the current 
time slot. 

6) 𝑝𝑉𝐵𝐿 |𝐼
′  is the probability that a station enters the virtually blocked area - 

late case 𝑉𝐵𝐿 in the next time slot, conditioned on the station senses 
channel as idle in the current time slot, as depicted in Figure 5.2 (b). Or 
the station enters the area 𝑎 depicted in Figure 5.5 in the next time slot, 
conditioned on the station senses channel as idle in the current time slot, 
if the late transmitting station starts transmitting right after the early 
transmitting station finishes its transmission at the ending border of the 
current time slot.  

7) 𝑝𝐵 |𝑉
′  is the probability that a station has at least one neighbor (the late 

transmitting station) belonging to a same R-Zone and starts to transmit 
in the next time slot conditioned on the station is in area 𝑉  (of the early 
transmitting station) in the current time slot. The situations are shown in 
Figure 5.2 (b), where the concerned area is marked as 𝐵, and in Figure 
5.5, where b is the concerned area. 

8) 𝑝𝑉𝐵𝐸 |𝑉
′  is the probability that a station enters the virtually blocked area - 

early case 𝑉𝐵𝐸 in the next time slot conditioned on it is in the hidden 
station vulnerable area in the current time slot, as shown in Figure 5.2 
(b).  
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9) 𝑝𝑉 |𝑉
′  is the probability that a station stays in the hidden station 

vulnerable area 𝑉  in the next time slot conditioned on it is in area 𝑉  in 
the current time slot.  

All non-zero transition probabilities of the time-domain Markov chain are 
expressed in Eq.(5.1) using these nine supporting probabilities.  

About the transition probabilities in the time domain Markov chain, the 
following is worth mentioning: 

A station can only be either in transmitting state or in channel 
sensing/receiving state at a given time. Therefore, once a station enters state 
𝑇𝑋(𝐿 ,1), it transits towards state 𝑇𝑋(𝐿 ,𝐿) with probability 1. 

Once a station enters any sub-state of 𝐵, 𝑉𝐵𝐸, or 𝑉𝐵𝐿 it has to wait for 
one or both of the transmitters in its channel sensing range to finish 
transmission. This is the reason for transition probabilities of 1 among sub-states 
of 𝐵, 𝑉𝐵𝐸, or 𝑉𝐵𝐿. When one or both transmitters finish the transmission, the 
station transits to the corresponding sub-states of 𝑉 , if the last state is any of 
𝐵 𝐿−𝑚 ,𝐿−𝑚  and 𝑉𝐵𝐿 𝐿−𝑚 ,𝐿−𝑚 ;𝑚 = 1,2,…𝐿− 1, or to state 𝐼 , if the last state 

is 𝑉𝐵𝐸(𝐿 ,𝐿). 

State 𝑉  is special, as in every sub-state of 𝑉  there are non-zero probabilities 
that the station transits to other states, e.g. 𝑉𝐵𝐸 and 𝐵, instead of only to the 
following sub-state of 𝑉 . This is because at any time slot a hidden station may 
start transmitting in the next time slot and affect the stations in 𝑉  state. More 

 

Figure 5.5: Special case where the early transmitter stops when the late 
transmitter starts transmitting 
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specifically, a station in sub-state 𝑉 𝐿 ,𝑛 ,𝑛 = 1,2,…𝐿− 1  may transit to 

𝐵(𝐿−𝑛 ,1) with probability 𝑝𝐵 |𝑉
′  if it is located in the blocked area 𝐵 when a 

hidden station starts transmitting in the next time slot, as shown in Figure 5.2 
(b). Or, it transits to 𝑉𝐵𝐸(𝐿 ,𝑛+1) with probability 𝑝𝑉𝐵𝐸 |𝑉

′  if it is located in the 

virtually blocked area - early case 𝑉𝐵𝐸 , when the hidden station problem 
occurs. Otherwise, the station stays in state 𝑉 , i.e. transits to the sub-state 
𝑉(𝐿 ,𝑛+1)  in the next time slot with probability 𝑝𝑉 |𝑉

′ = 1− 𝑝𝐵 |𝑉
′ − 𝑝𝑉𝐵𝐸 |𝑉

′ . A 

special case is the sub-state 𝑉(𝐿 ,𝐿), i.e. when the station is currently in the last 

sub-state of 𝑉 . When a hidden station starts transmission in the next time slot, 
instead of transiting to state 𝐵 or 𝑉𝐵𝐸, it transits to the sub-state 𝑉(𝐿 ,1) with 

probability 𝑝𝐵 |𝑉
′ , if it is located in area b in Figure 5.5, or to state 𝐼  with 

probability (1− 𝑝𝐵 |𝑉
′ ), if it is located in area c in Figure 5.5. Owing to the 

stationary conditional channel access probability assumption and the conditional 
independence assumption, transition probabilities are independent from time and 
identical to all sub-states of 𝑉 . 

The equal transition probabilities from state 𝐼 to 𝑉𝐵𝐿(𝐿−𝑚 ,1), 1 ≤ 𝑚 ≤ 𝐿−

1 are also deduced from the stationary conditional channel access probability 
assumption and the conditional independence assumption, as the identical 
transition probabilities from state 𝑉  to state 𝑉𝐵𝐸 at each sub-state 𝑉  𝐿,𝑛 , 1 ≤
𝑛 ≤ 𝐿 − 1. Each transition from state 𝑉 (𝐿,𝑛) to state 𝑉𝐵𝐸(𝐿,𝑛+ 1) at one 
station, corresponds to a transition from state 𝐼  to state 𝑉𝐵𝐿(𝐿 − 𝑛, 1)  at 
another station, where 1 ≤ 𝑛 ≤ 𝐿− 1. See the symmetric topology of area 𝑉𝐵𝐸 
and area 𝑉𝐵𝐿  in Figure 5.2. This can also be interpreted as: under the 
assumptions of stationary conditional channel access probability and conditional 
independence, the starting times of transmissions from stations 𝐴 and 𝐵 are 
independent, if 𝐴 and 𝐵 do not belong to a same R-Zone and no other station 
between 𝐴 and 𝐵 is in state 𝑇𝑋. This is also the reason for calculating the 

transition probability 𝑃𝑉𝐵 𝐿  𝐿 −𝑚 , 1  ,𝐼
 as 
𝑝𝑉𝐵𝐿 |𝐼
′

𝐿
 for 1 ≤ 𝑚 ≤ 𝐿− 1 in Eq.(5.1). 

The Markov chain in Figure 5.4 models a CSMA protocol that requires 
stations to sense the channel idle before sending any frame, i.e. no consecutive 
packet transmission at a single station is allowed. This explains why transition 
probabilities from 𝑇𝑋(𝐿 ,𝐿) to 𝐼 , from 𝐵(𝐿 ,𝐿) to 𝐼 , and from 𝑉𝐵𝐸(𝐿 ,𝐿) to 𝐼 in this 

model take value of 1. However, this model can be extended to also model 
consecutive frame transmission at a station by introducing additional non-zero 
transition probabilities among states. In this thesis we focus on the case without 
consecutive packet transmission at a single station. 
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𝑝𝐼 ,𝐼 = 𝑝𝐼 |𝐼
′

𝑝𝑇 𝑋  𝐿 , 1  ,𝐼
= 𝑝𝑇𝑋 |𝐼
′

𝑝𝐵  𝐿 , 1  ,𝐼
= 𝑝𝐵 |𝐼
′

𝑝𝑉 (𝐿 , 1 ) ,𝐼
= 𝑝𝑉 |𝐼
′ +
𝑝𝑉𝐵𝐿 |𝐼
′

𝐿
𝑝𝑉𝐵𝐸 (𝐿 , 1 ),𝐼  

= 𝑝𝑉𝐵𝐸 |𝐼
′

𝑝𝑉𝐵 𝐿 (𝐿 −𝑚 , 1 ),𝐼
=
𝑝𝑉𝐵𝐿 |𝐼
′

𝐿
,𝑚 = 1, 2,… ,𝐿 − 1

𝑝𝑇 𝑋  𝐿 , 𝑛 +1  ,𝑇 𝑋 (𝐿 , 𝑛 )
= 1 ,𝑛 = 1, 2,… ,𝐿 − 1

𝑝𝐼 ,𝑇 𝑋 (𝐿 ,𝐿 )
= 1

𝑝𝐵  𝐿 −𝑚 , 𝑛 +1  ,𝐵  𝐿 −𝑚 , 𝑛  
= 1 ,𝑚 = 0,1,… ,𝐿 − 2

,𝑛 = 1,2,… ,𝐿 −𝑚− 1
𝑝𝑉  𝐿 ,𝐿 −𝑚 +1  ,𝐵  𝐿 −𝑚 ,𝐿 −𝑚  

= 1 ,𝑚 = 0,1,… ,𝐿 − 1

𝑝𝐵  𝐿 −𝑛 , 1  ,𝑉 (𝐿 , 𝑛 )
= 𝑝𝐵 |𝑉
′ ,𝑛 = 1,2,… ,𝐿 − 1

𝑝𝑉𝐵𝐸  𝐿 , 𝑛 +1  ,𝑉  𝐿 , 𝑛  
= 𝑝𝑉𝐵𝐸 |𝑉
′ ,𝑛 = 1,2,… ,𝐿 − 1

𝑝𝑉  𝐿 , 𝑛 +1  ,𝑉  𝐿 , 𝑛  
= 𝑝𝑉 |𝑉
′ ,𝑛 = 1,2,… ,𝐿 − 1

𝑝𝑉  𝐿 , 1  ,𝑉 (𝐿 ,𝐿 )
= 𝑝𝐵 |𝑉
′

𝑝𝐼 ,𝑉 (𝐿 ,𝐿 )
= 1− 𝑝𝐵 |𝑉

′

𝑝𝑉𝐵𝐸  𝐿 , 𝑛 +1  ,𝑉𝐵𝐸 (𝐿 , 𝑛 )
= 1 ,𝑛 = 1,2,… ,𝐿 − 1

𝑝𝐼 ,𝑉𝐵𝐸 (𝐿 ,𝐿 )
= 1

𝑝𝑉𝐵 𝐿  𝐿 −𝑚 , 𝑛 +1  ,𝑉𝐵 𝐿 (𝐿 −𝑚 , 𝑛 )
= 1 ,𝑚 = 1,2,… ,𝐿 − 2

,𝑛 = 1,2,… ,𝐿 −𝑚− 1
𝑝𝑉  𝐿 ,𝐿 −𝑚 +1  ,𝑉𝐵 𝐿 (𝐿 −𝑚 ,𝐿 −𝑚 )

= 1 ,𝑚 = 1,2,… ,𝐿 − 1

     (5.1) 

 

 

The nine supporting probabilities contained in Eq.(5.1) are determined by 
the stationary conditional channel access probability 𝑝𝑡𝑥 , the frame length 𝐿 and 
the spatial distribution of stations. In order to discover the relation between the 
spatial distribution of stations and these supporting probabilities, a space-
domain Markov chain based on the conditional independence assumption is 
developed in the next section. The space-domain Markov chain reveals that in 
the infinite 1-D scenario with uniformly distributed stations the number of 
stations in a channel free area 𝑑𝐹  follows a geometric distribution with 
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parameter 𝑝𝑂 ,𝐹 , given that all stations broadcast using CSMA protocol with 𝑝𝑡𝑥 . 

Based on this finding, all nine supporting probabilities introduced in this section 
can be expressed using 𝑝𝑂 ,𝐹  together with other known parameters, i.e. 𝑝𝑡𝑥 , 𝐿, 

and 𝑅. Appendix B details the calculation of each supporting probability in this 
model. 

5.3 Space-Domain Markov Chain for Inter-Transmitter 
Distance in Infinite 1-D Scenarios 

In order to develop the Markov chain describing the channel occupancy 
situation in space domain, without loss of generality, we study the area 𝑂 
occupied by signal(s) of frame transmission between two interference free areas 
𝐹 . Figure 5.6 shows an example situation, where, at a given time, all 
contiguously located stations that sense the channel as busy or are in the 𝑇𝑋 
state form an area 𝑂. At a given time, one or more contiguously located stations 
that sense the channel as idle form an area 𝐹 . According to assumptions in 
Section 4.1, stations are uniformly distributed in the scenario with the constant 
inter-station distance 1/𝛽 [m]. We denotes the number of stations in a free area 
𝐹  as 𝑑𝐹 . For the infinite 1-D scenario 𝑑𝐹  takes value 1,2,…  

The space-domain Markov chain is constructed by traversing the 1-D 
scenario at a given time. Without loss of generality, we take the traversing 
direction from left to right, as indicated by the direction of x-axis in Figure 5.6. 
Figure 5.7 shows the space-domain Markov chain. Transition among states in 
the Markov chain takes place when one traverses from one station to the next 
station, i.e. moving in step of 1/𝛽 [m] in the direction of x-axis. 

5.3.1 States in Space-Domain Markov Chain  

 

Figure 5.6: Example situation of an occupied area 𝑂 and free areas 𝐹  in 
space domain 
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Each state in the Markov chain describes the status of channel at the 
current spatial location. The state can be either 𝐹  for free or 𝑂 for occupied, 
depending on which area the current location belongs to, i.e. interference free 
area or occupied area, respectively. 

Analogously to the extension of the 𝑇𝑋 state in the time-domain Markov 
chain because of the frame length, we model the state 𝑂 depending on the 
channel sensing range 𝑟 at each station. In an occupied area, a station can be in 
any of the following sub-states 𝑂 𝑛 , 𝑛 = 0,1,… , 2𝑅 , see Figure 5.7. If the 
station at the current location is transmitting, the system at that location is in 
sub-state 𝑂(𝑅). Sub-states 𝑂 𝑛 ,𝑛 = 0,1,… ,𝑅 − 1 mean that the station at the 
current location is not transmitting and one needs to traverse 𝑅 − 𝑛 steps to 
reach the next transmitting location at 𝑛 = 𝑅 in this occupied area. Sub-states 
𝑂 𝑛 ,𝑛 = 𝑅 + 1,𝑅 + 2,… ,2𝑅 mean that the station at the current location is 
not transmitting and one has traversed 𝑛 − 𝑅 steps since the last transmitting 
location at 𝑛 = 𝑅. 𝑂(2𝑅) is the only sub-state where one may either leave the 
occupied area to enter a free area or continue to stay in the occupied area for at 
least other 𝑅 + 1  states, which corresponds to the transition probability 
𝑝𝑂 𝑅 ,𝑂 2𝑅 , as shown in Figure 5.7. 

According to the homogenous behavior at all stations assumed in Chapter 4, 
when the system reaches equilibrium, any occupied area and free area in this 
scenario can be described by the Markov chain in Figure 5.7. Furthermore, from 
the conditional independence assumption made in Section 3.2.2, it is deduced 
that the number of contiguous steps that the system stays in state 𝐹 , i.e. the 
size of free area 𝑑𝐹 , follows a geometric distribution with parameter 𝑝𝑂 ,𝐹 . 𝑝𝑂 ,𝐹 , 

i.e. 𝑝𝑂 0 ,𝐹  in Figure 5.7, is the probability that in the next step the system is in 

an occupied area, conditioned on the system is in a free area at the current step. 

The Probability Mass Function (PMF) of 𝑑𝐹  is  

 

Figure 5.7: Space-domain Markov chain 
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𝑓𝑑𝐹  𝑘 = Pr 𝑑𝐹 = 𝑘 =  1− 𝑝𝑂 ,𝐹  
𝑘−1 ⋅ 𝑝𝑂 ,𝐹 ;   𝑘 = 1,2,…     (5.2) 

 

5.3.2 Transition Probabilities 

The notation of transition probabilities in the space-domain Markov chain 
follows the same convention introduced in Section 5.2.2.2. 

All non-zero transition probabilities in the space-domain Markov chain are 
shown in Figure 5.7 and can be calculated based on the distribution of 𝑑𝐹  and 
other known parameters, i.e. 𝑝𝑡𝑥 , 𝐿, and 𝑅. 

𝑝𝐹 ,𝐹  is the probability that the next location is also in a free area, 

conditioned on the current location is in a free area. 𝑝𝐹 ,𝐹 = 1− 𝑝𝑂 ,𝐹 . 

𝑝𝑂 0 ,𝐹  is the probability that station at the next location is in an occupied 

area, conditioned on the current location is in a free area, i.e. 𝑝𝑂 0 ,𝐹 = 𝑝𝑂 ,𝐹 . 

𝑝𝑂 𝑛+1 ,𝑂(𝑛), 𝑛 = 0, 1,… ,𝑅 − 1, is the transition probability among non-

transmitting locations in the left occupied area of the next transmitting location, 
as shown in Figure 5.6. Because all stations belong to the same R-Zone, this 
transition probability equals to 1. 

𝑝𝑂 𝑅 ,𝑂 𝑛 , 𝑛 = 𝑅,𝑅 + 1,… ,2𝑅 − 1, is the probability that the next location 

is a transmitting location conditioned on that one has traversed 𝑛 − 𝑅 steps 
since the last transmitting location. It can be calculated from the PMF of inter-
transmitter distance 𝑑𝑇𝑋  using the following relation.  

Pr 𝑑𝑇𝑋 = 𝑑 =  

 
 
 

 
 𝑝𝑂 𝑅 ,𝑂 𝑅 , 𝑑 = 1

  1− 𝑝𝑂 𝑅 ,𝑂 𝑗  
𝑅+𝑑−2

𝑗=𝑅

⋅ 𝑝𝑂 𝑅 ,𝑂 𝑅+𝑑−1 , 2 ≤ 𝑑 ≤ 𝑅
     (5.3) 

 

Here, the inter-transmitter distance 𝑑𝑇𝑋  equals the number of steps one has 
to traverse from the current transmitting location to the next transmitting 
location. The distribution of 𝑑𝑇𝑋  in this infinite 1-D scenario is given in Section 
5.3.3, and specifically in Eq.(5.5) for 1 ≤ 𝑑𝑇𝑋 ≤ 𝑅. 

 𝑝𝑂 𝑛+1 ,𝑂(𝑛), 𝑛 = 𝑅,𝑅 + 1,… ,2𝑅 − 1  is the probability that the next 

location is not a transmitting location conditioned on that one has traversed 
𝑛 − 𝑅 steps since the last transmitting location. From the space-domain Markov 
chain, we have 𝑝𝑂 𝑛+1 ,𝑂(𝑛) = 1− 𝑝𝑂 𝑅 ,𝑂(𝑛). 
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𝑝𝑂 𝑛 ,𝑂(2𝑅 ), 𝑛 = 0,1,… ,𝑅  is equal to the probability that the inter-

transmitter distance 𝑑𝑇𝑋 = (𝑅 − 𝑛) +𝑅 + 1, which is given in Eq.(5.17). 

𝑝𝐹 ,𝑂 2𝑅  is the probability that 𝑑𝑇𝑋 ≥ 2𝑅 + 2 given in Eq.(5.20). This is also 

the probability that the next location is in a free area. 

Till now all transition probabilities in the space-domain Markov chain are 
expressed using the known parameters 𝑝𝑡𝑥 , 𝐿, 𝑅 and the single unknown 𝑝𝑂 ,𝐹  , 

as summarized in Eq.(5.4):  

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 𝑝𝐹 ,𝐹 = 1− 𝑝𝑂 0 ,𝐹
𝑝𝑂 0 ,𝐹 = 𝑝𝑂 ,𝐹

𝑝𝑂 𝑛+1 ,𝑂 𝑛 = 1 ,𝑛 = 0,1,… ,𝑅 − 1

𝑝𝑂 𝑅 ,𝑂 𝑛 =  1− 𝑝𝑡𝑥  
𝑛−𝑅 ⋅ 𝑝𝑡𝑥 ⋅  1− 𝑝𝑂 ,𝐹  

𝑛−𝑅+1 ,𝑛 = 𝑅,𝑅 + 1,… ,2𝑅 − 1

,𝑛 = 𝑅,𝑅 + 1,… ,2𝑅 − 1

𝑝𝑂 𝑛 ,𝑂 2𝑅 =
𝐿 ⋅ 𝑝𝑡𝑥 ⋅ 𝑎

𝑅−𝑛

1 + 𝐿 ⋅ 𝑝𝑡𝑥 ⋅
1− 𝑎𝑅+1

1− 𝑎

,𝑛 = 0,1,… ,𝑅

𝑝𝐹 ,𝑂 2𝑅 =
1

1 + 𝐿 ⋅ 𝑝𝑡𝑥 ⋅
1− 𝑎𝑅+1

1− 𝑎 

  

      (5.4) 
 

5.3.3 Distribution of Inter-Transmitter Distance 

The probability mass function 𝑓𝑑𝑇𝑋  𝑘 , 𝑘 = 1,2,3,… , of inter-transmitter 

distance 𝑑𝑇𝑋  in infinite 1-D scenario is calculated for three ranges: Range I: 
1 ≤ 𝑑𝑇𝑋 ≤ 𝑅, Range II: 𝑅 + 1 ≤ 𝑑𝑇𝑋 ≤ 2𝑅 + 1, and Range III: 𝑑𝑇𝑋 ≥ 2𝑅 + 2. 

5.3.3.1 Range I: 1≤dTX≤R 

1 ≤ 𝑑𝑇𝑋 ≤ 𝑅 happens only when two or more stations in the same R-Zone 
transmit simultaneously, whose probability is determined by the number of 
stations in this R-Zone that sense the channel idle, i.e. the value of 𝑑𝐹  at the 
last idle time slot before these stations start transmitting. Given the geometric 
distribution of 𝑑𝐹  and the stationary conditional channel access probability 
assumption we have: 

𝑓𝑑𝑇𝑋  𝑘 = Pr 𝑑𝑇𝑋 = 𝑘  

=  1− 𝑝𝑡𝑥  
𝑘−1 ⋅ 𝑝𝑡𝑥 ⋅  1− 𝑝𝑂 ,𝐹  

𝑘   ,1 ≤ 𝑘 ≤ 𝑅     (5.5) 
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5.3.3.2 Range II: R+1≤dTX≤2R+1 

The distribution of inter-transmitter distance 𝑅 + 1 ≤ 𝑑𝑇𝑋 ≤ 2𝑅 + 1  is 
determined by the situations in the R-Zone located right next to the location 
𝑛 = 2𝑅, as depicted in Figure 5.8. 

Figure 5.9 shows a 2-D Markov chain modeling the situation of the R-Zone 
shown in Figure 5.8, where the state 𝑁𝑇  stands for the situation that no station 
in the R-Zone transmits, i.e. all stations in the R-Zone sense the channel as idle. 
States 𝑇  𝑖, 𝑗 , 𝑖 = 0,1,…𝑅, 𝑗 = 1,2,… ,𝐿 represents the situation that at least 
one station in the R-Zone is transmitting and the closest transmitter is at the 
spatial location 𝑖 in the R-Zone, and the transmitter is transmitting the 𝑗-th slot 
of the total frame length 𝐿 at the current time slot. Spatial locations 0 and 𝑅 in 
the R-Zone are indicated in Figure 5.8. Transitions in this Markov chain take 
place at the starting border of each time slot. 

All non-zero transition probabilities of the R-Zone Markov chain are 
depicted in Figure 5.9 and calculated as follows: 

𝑝𝑁𝑇 ,𝑁𝑇  is the probability that no station in the R-Zone starts to transmit in 

the next slot, conditioned on that no station in the R-Zone is transmitting in the 
current slot. The number of stations in the R-Zone that sense channel as idle at 
a given time slot is determined by the value of 𝑑𝐹 . Given the geometric 
distribution of 𝑑𝐹 , 𝑝𝑁𝑇 ,𝑁𝑇  is calculated as: 

 

Figure 5.8: Situation of inter-transmitter distance dTX between R+1 and 
2R+1 
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𝑝𝑁𝑇 ,𝑁𝑇 =
 Pr 𝑛𝑜 𝑡𝑥 𝑖𝑛min(𝑅 + 1, 𝑑𝐹 )  𝑑𝐹 = 𝑛} ⋅ Pr 𝑑𝐹 = 𝑛 
∞

𝑛=1

Pr{𝑑𝐹 ≥ 1}

=
  1− 𝑝𝑡𝑥  

𝑛 ⋅  1− 𝑝𝑂 ,𝐹  
𝑛 ⋅ 𝑝𝑂 ,𝐹

𝑅+1

𝑛=1
+  1− 𝑝𝑡𝑥  

𝑅+1 ⋅  1− 𝑝𝑂 ,𝐹  
𝑛 ⋅ 𝑝𝑂 ,𝐹

∞

𝑛=𝑅+2

1− 𝑝𝑂 ,𝐹

= 1− 𝑝𝑡𝑥 ⋅
1− 𝑎(𝑅+1)

1− 𝑎
     (5.6) 

 

Where,  

𝑎 =  1− 𝑝𝑡𝑥  ⋅  1− 𝑝𝑂 ,𝐹       (5.7) 
 

The probability Pr{𝑑𝐹 ≥ 1} in the denominator of Eq.(5.6) is introduced 
due to the condition that no station is transmitting in the R-Zone at the current 
slot. 

𝑝𝑇  𝑖,1 ,𝑁𝑇 , 𝑖 = 0,1,… ,𝑅 is the probability that the closest transmitter in the 

R-Zone in the next time slot is at location 𝑖, conditioned on no station transmits 
in the R-Zone at the current time slot. This probability is calculated as: 

𝑝𝑇  𝑖,1 ,𝑁𝑇

=
Pr 𝑡ℎ𝑒 𝑐𝑙𝑜𝑠𝑒𝑠𝑡 𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑡𝑡𝑒𝑟 𝑖𝑠 𝑎𝑡 𝑖 𝑖𝑛 𝑅 − 𝑍𝑜𝑛𝑒 𝑑𝐹 ≥ 𝑖+ 1} ⋅ Pr 𝑑𝐹 ≥ 𝑖+ 1 

Pr{𝑑𝐹 ≥ 1}

=
 1− 𝑝𝑡𝑥  

𝑖 ⋅ 𝑝𝑡𝑥 ⋅  1− 𝑝𝑂 ,𝐹  
𝑖+1

1− 𝑝𝑂 ,𝐹

= 𝑝𝑡𝑥 ⋅ 𝑎
𝑖     (5.8) 

 

Figure 5.9: 2-D Markov chain for inter-transmitter distance dTX between 
R+1 and 2R+1 
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Where, 𝑎 is given in Eq.(5.7). 

It can be proved that 

𝑝𝑁𝑇 ,𝑁𝑇 + 𝑝𝑇  𝑖,1 ,𝑁𝑇

𝑅

𝑖=0

= 1     (5.9) 

 

All other non-zero transition probabilities are 1 in the R-Zone Markov chain, 
because all transmissions in a R-Zone are synchronized according to the 
definition of R-Zone in Section 4.4. 

𝑝𝑇  𝑖,𝑗+1 ,𝑇  𝑖,𝑗 = 1;   𝑖 = 0,1,… ,𝑅;  𝑗 = 1,2,… ,𝐿 − 1     (5.10) 
 

𝑝𝑁𝑇 ,𝑇  𝑖,𝐿 = 1;   𝑖 = 0,1,… ,𝑅     (5.11) 
 

We denote the limiting distribution of states 𝑁𝑇  and 𝑇  𝑖, 𝑗  as 𝜋𝑁𝑇  and 
 𝜋𝑇  𝑖,𝑗 , 𝑖 = 0,1,… ,𝑅;  𝑗 = 1,2,… ,𝐿 , respectively, and express the limiting 

distribution of each state using 𝜋𝑁𝑇  and the transition probabilities: 

 
𝜋𝑇 (𝑖,1) = 𝜋𝑁𝑇 ⋅ 𝑝𝑇  𝑖,1 ,𝑁𝑇 , 𝑖 = 0,1,… ,𝑅

𝜋𝑇 (𝑖,𝑗) = 𝜋𝑇 (𝑖,𝑗−1) ⋅ 𝑝𝑇  𝑖,𝑗 ,𝑇  𝑖,𝑗−1 , 𝑖 = 0,1,… ,𝑅; 𝑗 = 2,3,… ,𝐿
     (5.12) 

 

By imposing the normalization condition: 

𝜋𝑁𝑇 +  𝜋𝑇  𝑖,𝑗 

𝐿

𝑗=1

𝑅

𝑖=0

= 1     (5.13) 

 

We have the limiting distribution of the state 𝑁𝑇  expressed in 𝑝𝑂 ,𝐹 , 𝑝𝑡𝑥 , 𝐿, 

and 𝑅: 

𝜋𝑁𝑇 =
1

1 + 𝐿 ⋅ 𝑝𝑡𝑥 ⋅
1− 𝑎𝑅+1

1− 𝑎

     (5.14) 

 

Where, 𝑎 is given in Eq.(5.7). 

The limiting probabilities of states 𝑇  𝑖, 𝑗  are derived from Eq.(5.8), 
Eq.(5.10), Eq.(5.11), Eq.(5.12), and Eq.(5.14): 

𝜋𝑇  𝑖,𝑗 =
𝑝𝑡𝑥 ⋅ 𝑎

𝑖

1 + 𝐿 ⋅ 𝑝𝑡𝑥 ⋅
1− 𝑎𝑅+1

1− 𝑎

 , 𝑖 = 0,1,… ,𝑅,   𝑗 = 1,2,… ,𝐿     (5.15) 
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𝜋𝑁𝑇  is exactly the transition probability 𝑝𝐹 ,𝑂 2𝑅  in the space-domain 

Markov chain, i.e. the probability that no transmission in the R-Zone, see Figure 
5.7. 

 Besides, the transition probabilities 𝑝𝑂 𝑛 ,𝑂 2𝑅 , 𝑛 = 0,1,… ,𝑅 in the space-

domain Markov chain are exactly the probabilities that the R-Zone is in any of 
the states 𝜋𝑇 (𝑅−𝑛 ,𝑗), 𝑗 = 1,2,… ,𝐿, i.e. 

𝑝𝑂 𝑛 ,𝑂 2𝑅 = 𝜋𝑇  𝑅−𝑛 ,𝑗 

𝐿

𝑗=1

= 𝐿 ⋅ 𝜋𝑇  𝑅−𝑛 ,𝑗  

=
𝐿 ⋅ 𝑝𝑡𝑥 ⋅ 𝑎

𝑅−𝑛

1 + 𝐿 ⋅ 𝑝𝑡𝑥 ⋅
1− 𝑎𝑅+1

1− 𝑎

     ,𝑛 = 0,1,… ,𝑅     (5.16) 

 

Where, 𝑎  is given in Eq.(5.7). The derivation of (5.16) uses the deduced 
assumption from the conditional independence assumption that the starting 
times of transmissions from stations 𝐴 and 𝐵 are independent, if 𝐴 and 𝐵 do 
not belong to a same R-Zone and no other station is transmitting between 𝐴 
and 𝐵, as discussed in Section 5.2.2.2. 

Therefore, the distribution of 𝑑𝑇𝑋  in range 𝑅 + 1 ≤ 𝑑𝑇𝑋 ≤ 2𝑅 + 1 is given 
as: 

𝑓𝑑𝑇𝑋  𝑘 = Pr 𝑑𝑇𝑋 = 𝑘  

= Pr 𝑑𝑇𝑋 ≥ 𝑅 + 1 ⋅
𝐿 ⋅ 𝑝𝑡𝑥 ⋅ 𝑎

𝑘− 𝑅+1 

1 + 𝐿 ⋅ 𝑝𝑡𝑥 ⋅
1− 𝑎𝑅+1

1− 𝑎

 ,𝑅 + 1 ≤ 𝑘 ≤ 2𝑅 + 1    (5.17) 

 

Where, 𝑎 is given in Eq.(5.7), and based on Eq.(5.5), we have: 

Pr 𝑑𝑇𝑋 ≥ 𝑅 + 1 = 1− Pr{𝑑𝑇𝑋 = 𝑘}
𝑅

𝑘=1

     (5.18) 

 

5.3.3.3 Range III: dTX≥2R+2 

The relation between 𝑑𝐹  and 𝑑𝑇𝑋   is: 

𝑑𝐹 = 𝑑𝑇𝑋 −  2𝑅 + 1 ,     𝑑𝑇𝑋 ≥ 2𝑅 + 2     (5.19) 
 

Given the geometric distribution of 𝑑𝐹  in Eq.(5.2), the distribution of 𝑑𝑇𝑋  
conditioned on 𝑑𝑇𝑋 ≥ 2𝑅 + 2  is also a geometric distribution of the same 
parameter 𝑝𝑂 ,𝐹 : 



5.4  Joint Solution for Time- and Space-Domain Markov Chains 

37 

 

𝑓𝑑𝑇𝑋  𝑘 = Pr 𝑑𝑇𝑋 = 𝑘  

= Pr 𝑑𝑇𝑋 ≥ 2𝑅 + 2  1− 𝑝𝑂 ,𝐹  
𝑘−2𝑅−2 ⋅ 𝑝𝑂 ,𝐹 , 𝑘 ≥ 2𝑅 + 2     (5.20) 

 

Where, according to Eq.(5.14) and Eq.(5.18), 

  Pr 𝑑𝑇𝑋 ≥ 2𝑅 + 2 = Pr 𝑑𝑇𝑋 ≥ 𝑅 + 1 ⋅ πNT  

=  1− Pr{𝑑𝑇𝑋 = 𝑘}
𝑅

𝑘=1

 ⋅  
1

1 + 𝐿 ⋅ 𝑝𝑡𝑥 ⋅
1− 𝑎𝑅+1

1− 𝑎

      (5.21) 

 

Where, Pr 𝑑𝑇𝑋 = 𝑘 , 1 ≤ 𝑘 ≤ 𝑅  and 𝑎  are from Eq.(5.5) and Eq.(5.7), 
respectively. 

5.4 Joint Solution for Time- and Space-Domain Markov 
Chains 

Eq.(5.1) and Eq.(5.4) give all non-zero transition probabilities in the time- 
and space- domain Markov chains, as shown in Figure 5.4 and Figure 5.7, 
respectively. All transition probabilities are expressed using three known 
parameters: 𝑝𝑡𝑥 , 𝐿, and 𝑅, and an unknown parameter 𝑝𝑂 ,𝐹 , which is related to 

the distribution of free area 𝐹  in the infinite 1-D scenario. To solve 𝑝𝑂 ,𝐹 , we 

rely on the ergodicity property of the system in both time- and space- domain. 
According to the homogeneous behavior assumption, introduced in Chapter 4, 
the probability that a station senses the channel as idle, i.e. the limiting 
probability of state 𝐼 in the time-domain Markov chain, shall be equal to the 
probability that a station is located in a free area 𝐹 , i.e. the limiting probability 
of state 𝐹  in the space-domain Markov chain. Therefore, we have  

𝜋𝐼 = 𝜋𝐹      (5.22) 
 

The limiting probability of states in the time-domain and space-domain 
Markov chains is solved using the numerical method introduced in Appendix C. 
Both solutions of 𝜋𝐼  and 𝜋𝐹  rely on the unknown 𝑝𝑂 ,𝐹 . By enforcing Eq.(5.22) 

we get an equation system of 𝑝𝑂 ,𝐹 , whose solution can be found using numerical 

method. Figure 5.10 shows the solution of 𝑝𝑂 ,𝐹  given 𝐿 = 32 , 𝑅 = 16 , and 

different value of 𝑝𝑡𝑥 . Subplot Figure 5.10(d) shows details close to the solution 
in subplot Figure 5.10(c), which uses the same parameters for the calculation. 
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As a side note, in Appendix C we also develop a solution for reducing the 
computational complexity when solving the time-domain Markov chain involving 
large number of states, particularly when the value of 𝐿 is large.  

5.5 Performance Metrics 

5.5.1 Distribution of dTX and dF  

The distribution of inter-transmitter distance 𝑑𝑇𝑋  and the size of channel 
free area 𝑑𝐹  are obtained from the space-domain Markov chain, as shown in 
Section 5.3.3.  

 

Figure 5.10: Solution of the geometric distribution parameter (pO,F ) of dF 
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5.5.2 Distribution of Station's States 

The limiting probability 𝜋𝐼  in the time-domain Markov chain is exactly the 
probability that a station is sensing the channel as idle at any given time slot. 

The probability that a station is transmitting a frame is: 

𝜋𝑇𝑋 = 𝜋𝑇 𝑋  𝐿 , 𝑛  

𝐿

𝑛=1

      (5.23) 

 

Where, 𝜋𝑇 𝑋  𝐿 , 𝑛  
, 1 ≤ 𝑛 ≤ 𝐿 is the limiting distribution of state 𝑇𝑋 𝐿 ,𝑛 , 1 ≤ 𝑛 ≤

𝐿 in the time domain Markov chain.  

The probability that a station is in receiving busy state (𝑅𝐵) at any given 
time slot is: 

𝜋𝑅𝐵 = 1− 𝜋𝐼 − 𝜋𝑇𝑋      (5.24) 
 

5.5.3 Time Metrics 

Figure 5.11 illustrates time metrics of the CSMA broadcast protocol 
measured at a station in the infinite 1-D scenario. These metrics are calculated 
using the time-domain Markov chain.  

𝑇𝐼  is the length of the channel idle period. As shown in Figure 5.4, state 𝐼 
has the fixed self-transition probability 𝑝𝐼 |𝐼

′ . Thus, the duration that a station 

stays in state 𝐼 follows a geometric distribution with parameter 1− 𝑝𝐼 |𝐼
′  in this 

model. Therefore, the expected length of 𝑇𝐼  is  

𝑇𝐼      = 𝑛 ⋅  𝑝𝐼 |𝐼
′  
𝑛
⋅  1− 𝑝𝐼 |𝐼

′  
∞

𝑛=1

=
1

1− 𝑝𝐼 |𝐼
′      (5.25) 

 

𝑇𝑁𝐼   is the length of the non-idle period between two consecutive channel 
idle period. This non-idle period may be either a transmission period 𝑇𝑇𝑋 , when 
the station is transmitting, or a receiving busy period 𝑇𝑅𝐵 , when the station is 
receiving. In order to solve the expected value of 𝑇𝑁𝐼 , we assume the occurrence 
of event "channel goes from non-idle to idle" is a renewal process [4], i.e. the 
duration between the starting time of two consecutive idle periods, i.e. 𝑇𝐼 + 𝑇𝑁𝐼 , 
is an i.i.d. random variable. Given the expected length of channel idle period 𝑇𝐼       
in Eq.(5.25), we can calculate the expected value of 𝑇𝑁𝐼 : 

𝑇𝑁𝐼          = 𝑇𝐼      ⋅
1− 𝜋𝐼
𝜋𝐼

     (5.26) 
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Where, 𝜋𝐼  is the limiting probability of state 𝐼  in the time domain Markov 
chain. 

𝑇𝑇𝑋  is the duration of a frame transmission. According to the fixed frame 
length assumption in Section 4.3, 𝑇𝑇𝑋  is always 𝐿. 

𝑇𝑁𝑇𝑋  is the duration measured from the ending time of a frame transmission 
to the starting time of the next frame transmission at a station. Assuming the 
occurrence of event "the station starts a frame transmission" is a renewal 
process, the expected value of 𝑇𝑁𝑇𝑋  is calculated as: 

𝑇𝑁𝑇𝑋              = 𝑇𝑇𝑋 ⋅  
1

 𝜋𝑇 𝑋  𝐿 , 𝑛  

𝐿

𝑛=1

− 1      (5.27) 

 

Where, 𝜋𝑇 𝑋  𝐿 , 𝑛  
, 1 ≤ 𝑛 ≤ 𝐿, is the limiting probability of state 𝑇𝑋(𝐿 ,𝑛) in the 

time domain Markov chain. 

𝑇𝑇𝑋𝑃  is the length of a transmission period, which is defined as the time 
between the starting point of two consecutive frame transmissions. The expected 
value of 𝑇𝑇𝑋𝑃  is: 

𝑇𝑇𝑋𝑃              = 𝑇𝑇𝑋 + 𝑇𝑁𝑇𝑋                   (5.28) 
 

Where, 𝑇𝑁𝑇𝑋               is solved in Eq.(5.27). 

 

Figure 5.11: Time metrics in hidden station model 
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𝑇𝑅𝐵  is the length of a receiving busy period, during which a station 
constantly senses the channel busy. It may consist of one or more consecutive 
reception bursts, as shown in Figure 5.11. In this scenario, 𝑇𝑁𝐼  is either a 
transmission period 𝑇𝑇𝑋  or a receiving busy period 𝑇𝑅𝐵  following a channel idle 
period 𝑇𝐼 . Therefore, the expected length of 𝑇𝑁𝐼  is also calculated as 

𝑇𝑁𝐼          =
1− 𝑝𝐼 |𝐼

′ − 𝑝𝑇𝑋 |𝐼
′

1− 𝑝𝐼 |𝐼
′ ⋅ 𝑇𝑅𝐵           +

𝑝𝑇𝑋 |𝐼
′

1− 𝑝𝐼 |𝐼
′ ⋅ 𝑇𝑇𝑋
               (5.29) 

 

Where, 
1−𝑝𝐼 |𝐼

′ −𝑝𝑇𝑋 |𝐼
′

1−𝑝𝐼 |𝐼
′  is the probability that a 𝑇𝐼  period is followed by a 𝑇𝑅𝐵  

period, whereas 
𝑝𝑇𝑋 |𝐼
′

1−𝑝𝐼 |𝐼
′  is the probability that a 𝑇𝐼  period is followed by a 𝑇𝑇𝑋  

period. From Eq.(5.29), the expected length of a receiving busy period 𝑇𝑅𝐵  is 
given as: 

𝑇𝑅𝐵           =
 1− 𝑝𝐼 |𝐼

′  ⋅ 𝑇𝑁𝐼          − 𝑝𝑇𝑋 |𝐼
′ ⋅ 𝐿

1− 𝑝𝐼 |𝐼
′ − 𝑝𝑇𝑋 |𝐼

′       (5.30) 

 

Where, 𝑇𝑁𝐼           is given in Eq.(5.26). 

𝑇𝑅𝑋𝐵  is the length of a reception burst, which is defined as the duration 
from the time a station starts a reception, i.e. the time the station enters any of 
the following states in the time-domain Markov chain: 𝐵 𝐿 ,1 , 𝑉 𝐿 ,1 , 𝑉𝐵𝐸 𝐿 ,1 , 

and 𝑉𝐵𝐿(𝑛 ,1), 1 ≤ 𝑛 ≤ 𝐿 − 1, to the time when the station detects the end of the 

signal of the received frame or the end of all signals of the received overlapping 
frames, i.e. the time that the end of any of the following states in the time-
domain Markov chain is reached at the receiving station: 𝐵 𝐿 ,𝐿 , 𝑉 𝐿 ,𝐿 , and 

𝑉𝐵𝐸 𝐿 ,𝐿 . The length of a reception burst may be longer than the frame length 

𝐿 due to the overlapped transmission from hidden stations. Reception bursts are 
marked with "RXBurst" in Figure 5.11. The introduction of period 𝑇𝑅𝑋𝐵  is due 
to the consecutive reception events, which may happen when the station is in 
state 𝑉(𝐿 ,𝐿). There is a probability 𝑝𝐵 |𝑉

′  that the station goes on with a new 

reception without going back to the idle state, as shown in Figure 5.11. The next 
frame is received from an unsynchronized transmitter that is hidden to the 
previous transmitter. Given 𝜋𝐵  𝐿 ,𝐿  

, 𝜋𝑉  𝐿 ,𝐿  
, and 𝜋𝑉𝐵𝐸  𝐿 ,𝐿  

 are the limiting 

probability of states 𝐵 𝐿 ,𝐿 , 𝑉 𝐿 ,𝐿 , and 𝑉𝐵𝐸 𝐿 ,𝐿 , respectively, we calculate the 

probability that a consecutive reception event happens, conditioned on the 
current reception burst is over: 
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𝑝𝐶𝑜𝑛𝑅𝑋 =
𝜋𝑉  𝐿 ,𝐿  

𝜋𝐵 (𝐿 ,𝐿 )
+ 𝜋𝑉 (𝐿 ,𝐿 ) 

+ 𝜋𝑉𝐵𝐸  𝐿 ,𝐿  

⋅ 𝑝𝐵 |𝑉
′     (5.31) 

 

Therefore, the probability that the channel returns idle after a reception burst is 
1− 𝑝𝐶𝑜𝑛𝑅𝑋 . Assuming the probability 𝑝𝐶𝑜𝑛𝑅𝑋  is stationary, it is observed that 
the number of reception bursts 𝑇𝑅𝑋𝐵  in one receiving busy period 𝑇𝑅𝐵  follows 
the geometric distribution with parameter 1− 𝑝𝐶𝑜𝑛𝑅𝑋 . Therefore, we have:  

𝑇𝑅𝐵           = 𝑇𝑅𝑋𝐵              ⋅ 𝑛 ⋅  𝑝𝐶𝑜𝑛𝑅𝑋  
𝑛−1 ⋅  1− 𝑝𝐶𝑜𝑛𝑅𝑋  

∞

𝑛=1

=
𝑇𝑅𝑋𝐵              

1− 𝑝𝐶𝑜𝑛𝑅𝑋
   (5.32) 

 

And: 

𝑇𝑅𝑋𝐵              = 𝑇𝑅𝐵           ⋅  1− 𝑝𝐶𝑜𝑛𝑅𝑋       (5.33) 
 

Where, 𝑇𝑅𝐵            is given in Eq.(5.30).  

𝑇𝑁𝑅𝑋  is the length of non-reception period, in which the station may be 
sensing the channel as idle or transmitting a frame, as shown in Figure 5.11. 
Assuming the occurrence of receiving busy periods is a renewal process, the 
expected length of 𝑇𝑁𝑅𝑋  is calculated as: 

𝑇𝑁𝑅𝑋              =
𝜋𝐼 + 𝜋𝑇 𝑋  𝐿 , 𝑛  

𝐿

𝑛=1

1−  𝜋𝐼 + 𝜋𝑇 𝑋  𝐿 , 𝑛  

𝐿

𝑛=1
 
⋅ 𝑇𝑅𝐵                (5.34) 

 

Where, 𝜋𝑇 𝑋  𝐿 , 𝑛  
 is the limiting distribution of states 𝑇𝑋 𝐿 ,𝑛 , 1 ≤ 𝑛 ≤ 𝐿 in the 

time-domain Markov chain, and 𝑇𝑅𝐵            is given in Eq.(5.30). 

𝑇𝑅𝑋𝑃  is the length of the reception period, which is defined as the duration 
between the starting time of two consecutive reception bursts. See Figure 5.11. 
Assuming that the occurrence of frame reception burst is a renewal process, the 
expected length of reception period 𝑇𝑅𝑋𝑃  is expressed as: 

𝑇𝑅𝑋𝑃              =  1− 𝑝𝐶𝑜𝑛𝑅𝑋  ⋅  𝑇𝑅𝑋𝐵              + 𝑇𝑁𝑅𝑋               + 𝑝𝐶𝑜𝑛𝑅𝑋 ⋅ 𝑇𝑅𝑋𝐵                   (5.35) 
 

Where, 𝑇𝑅𝑋𝐵               is given in Eq.(5.33),  𝑇𝑁𝑅𝑋               is given in Eq.(5.34), and 𝑝𝐶𝑜𝑛𝑅𝑋  is 
from Eq.(5.31). 

Among these time metrics 𝑇𝐼      , 𝑇𝑇𝑋𝑃              ,  𝑇𝑅𝐵           , and  𝑇𝑅𝑋𝑃               are of particular 
interest to this study. 
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5.5.4 Interference-Free Probability of Reception Burst 

As a metric of the reliability of CSMA broadcast in hidden station scenarios, 
we define the interference-free probability 𝑝𝐼𝐹  of a reception burst as the 
probability that a frame is received without being interfered by any other 
transmission, conditioned on the receiver starts a reception burst. It is worth 
mentioning that according to the definition of reception burst, an interference-
free reception burst consists of only one frame, whereas a reception burst 
consisting of two or more frames is always interfered. 𝑝𝐼𝐹  is also the ratio of 
reception bursts free from interference out of all reception bursts at a receiver. 
Particularly, we are interested in the 𝑝𝐼𝐹  performance with respect to a given 
topological reception distance 𝑑𝑅𝑋  from the receiver to the transmitter. 

To calculate the interference probability 𝑝𝐼𝐹  two kinds of interference have 
to be considered: a) the same-side interference, which is generated by 
transmissions from stations at the same side as the intended transmitter, b) the 
other-side interference, which is generated by transmissions from stations at the 
other side of the intended transmitter. A received frame is interference-free only 
when it is neither affected by the same-side interference nor affected by the 
other-side interference in any of the 𝐿 time slots during the reception, where 𝐿 is 
the frame length. As a deduction from the conditional independence assumption, 
the occurrence of same-side interference is independent from that of other-side 
interference. It is worth mentioning that owing to the assumptions of fixed frame 
length and identical channel sensing range at all stations, transmissions 
generating same-side interference are always synchronized to the intended 
transmission, whereas the transmissions generating other-side interference may 
be unsynchronized to the intended transmission, e.g. in case of the hidden 
station problem.  

Figure 5.12 illustrates the reception distance 𝑑𝑅𝑋  from a receiver to the 
intended transmitter of a frame, e.g. 𝑇𝑋1. In Figure 5.12, the receiver is at the 
right side of 𝑇𝑋1 and 𝑑𝑅𝑋 = 3. It also shows the situation that a transmitter 
𝑇𝑋1′ at the left side of 𝑇𝑋1 generates same-side interference to receivers having 
𝑑𝑅𝑋 = 1 and 𝑑𝑅𝑋 = 2 at the right side of 𝑇𝑋1. In the lower part of Figure 5.12, 
receivers having 𝑑𝑅𝑋 = 4 , 𝑑𝑅𝑋 = 5 , and 𝑑𝑅𝑋 = 6  at the right side of 𝑇𝑋1 , 
which fall into the area 𝐵 between 𝑇𝑋1 and 𝑇𝑋2, suffer from the other-side 
interference due to the later started transmission from 𝑇𝑋2.  

The probability 𝑝𝐼𝐹𝑆  that a receiver is free from same-side interference 
depends only on the reception distance 𝑑𝑅𝑋  and the distribution of 𝑑𝑇𝑋 . For a 
given 𝑑𝑅𝑋 , 𝑝𝐼𝐹𝑆  is calculated as: 

𝑝𝐼𝐹𝑆  𝑑𝑅𝑋  = Pr 𝑑𝑇𝑋 ≥ 𝑅 − 𝑑𝑅𝑋 + 1   ,1 ≤ 𝑑𝑅𝑋 ≤ 𝑅     (5.36) 



5  Hidden Station Model for CSMA Broadcast in Infinite 1-D Network 

44 

 

 

Where, Pr 𝑑𝑇𝑋 ≥ 𝑅 − 𝑑𝑅𝑋 + 1  is calculated using the distribution of 𝑑𝑇𝑋  
given in Section 5.3.3. 

In order to receive a frame free from other-side interference, a receiver can 
only stay in areas 𝑉 , 𝑉𝐵𝐸, or 𝑉𝐵𝐿 throughout the reception of a frame. Area 𝑉  
always contains 𝑅 stations, whereas 𝑉𝐵𝐸 and 𝑉𝐵𝐿 areas may contain 1 to 𝑅 
stations depending on the inter-transmitter distance 𝑑𝑇𝑋 , where 𝑅 + 2 ≤ 𝑑𝑇𝑋 ≤
2𝑅 + 1.  

Conditioned on a receiver is in either a 𝑉𝐵𝐸 or a 𝑉𝐵𝐿 area, the distribution 
of 𝑑𝑅𝑋  from this receiver to the closest transmitter is calculated using the inter-
transmitter distance 𝑑𝑇𝑋  in Section 5.3.3 and the Bayes' Theorem [24]: 

𝑓𝑑𝑅𝑋 |𝑉𝐵  𝑘 = Pr 𝑑𝑅𝑋 = 𝑘|𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑟 𝑖𝑠 𝑖𝑛 𝑒𝑖𝑡ℎ𝑒𝑟 𝑉𝐵𝐸 𝑜𝑟 𝑉𝐵𝐿 𝑎𝑟𝑒𝑎 

=
Pr{𝑉𝐵𝐸 𝑜𝑟 𝑉𝐵𝐿 𝑎𝑟𝑒𝑎 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑘 𝑜𝑟 𝑚𝑜𝑟𝑒 𝑠𝑡𝑎𝑡𝑖𝑜𝑛𝑠}

 Pr{𝑉𝐵𝐸 𝑜𝑟 𝑉𝐵𝐿 𝑎𝑟𝑒𝑎 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑗 𝑜𝑟 𝑚𝑜𝑟𝑒 𝑠𝑡𝑎𝑡𝑖𝑜𝑛𝑠 }𝑅

𝑗=1

=
Pr{𝑅 + 𝑘 + 1 ≤ 𝑑𝑇𝑋 ≤ 2𝑅 + 1}

 Pr{𝑅 + 𝑗 + 1 ≤ 𝑑𝑇𝑋 ≤ 2𝑅 + 1}
𝑅

𝑗=1

   , 1 ≤ 𝑘 ≤ 𝑅    (5.37) 
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If the receiver is in area 𝑉 , 𝑑𝑅𝑋  is uniformly distributed in the range from 1 
to 𝑅: 

𝑓𝑑𝑅𝑋 |𝑉  𝑘 =
1

𝑅
  , 1 ≤ 𝑘 ≤ 𝑅     (5.38) 

 

To calculate the probability 𝑝𝐼𝐹  we refer to the time-domain Markov chain 
of the receiver. As shown in Figure 5.4, 𝐼 and 𝑉 𝐿 ,𝐿  are the only states that a 

station can start a frame reception. The probability that a station starts a frame 
reception is: 

𝑝𝑅𝑋 = 𝜋𝐼 ⋅  1− 𝑝𝐼 |𝐼
′ − 𝑝𝑇𝑋 |𝐼

′  + 𝜋𝑉 (𝐿 ,𝐿 )
⋅ 𝑝𝐵 |𝑉
′      (5.39) 

 

Conditioned on the event that a station starts a frame reception, the 
probability that the frame is received interference-free equals the probability 
that state 𝑉(𝐿 ,𝐿) or state 𝑉𝐵𝐸(𝐿 ,𝐿) is reached in 𝐿 steps without entering any of 

states 𝐵(𝑙,𝑛) , where 1 ≤ 𝑙 ≤ 𝐿 and 1 ≤ 𝑛 ≤ 𝑙, and the frame is free from the 

same-side interference. 

Here, three cases are identified for calculating 𝑝𝐼𝐹 : 

Case I: The frame reception starts with state 𝑉(𝐿 ,1) . The probability of this 

event is: 

𝑝𝐼𝐹 _𝐼 = 𝜋𝐼 ⋅  𝑝𝑉 |𝐼
′ +
𝑝𝑉𝐵𝐿 |𝐼
′

𝐿
 + 𝜋𝑉  𝐿 ,𝐿 ⋅ 𝑝𝐵 |𝑉

′      (5.40) 

 

In this case, the probability that state 𝑉(𝐿 ,𝐿) is reached in 𝐿 steps at the 

receiver with distance 𝑑𝑅𝑋  to the frame transmitter is: 

𝑝𝐼𝐹 _𝐼 _𝑉  𝑑𝑅𝑋   =  𝑝 𝑉 |𝑉
 𝑑𝑅𝑋   

𝐿−1
  ,1 ≤ 𝑑𝑅𝑋 ≤ 𝑅     (5.41) 

 

Where, 𝑝𝑉 |𝑉  𝑑𝑅𝑋   is the transition probability from state 𝑉  𝐿,𝑛  to state 

𝑉  𝐿,𝑛+ 1 , 1 ≤ 𝑛 ≤ 𝐿 − 1, at the receiver with 𝑑𝑅𝑋 . 𝑝𝑉 |𝑉  𝑑𝑅𝑋   is calculated 

by Eq.(B.52) in Appendix B.9. 

The probability that state 𝑉𝐵𝐸(𝐿 ,𝐿) is reached in 𝐿 steps at the receiver 

with 𝑑𝑅𝑋  is: 

𝑝𝐼𝐹 _𝐼 _𝑉𝐵𝐸  𝑑𝑅𝑋  = 𝑝𝑉𝐵𝐸 |𝑉
 𝑑𝑅𝑋  ⋅  𝑝𝑉 |𝑉

 𝑑𝑅𝑋   
𝑖
  , 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅 

𝐿−2

𝑖=0
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Where, 𝑝
𝑉𝐵𝐸 |𝑉
 𝑑𝑅𝑋   is the transition probability from state 𝑉  𝐿,𝑛  to state 

𝑉𝐵𝐸 𝐿,𝑛+ 1 , 1 ≤ 𝑛 ≤ 𝐿 − 1, at the receiver with 𝑑𝑅𝑋 . The calculation of this 
probability is given by Eq.(B.46) in Appendix B.8. 

Case II: The frame reception starts with state 𝑉𝐵𝐸 𝐿 ,1  at a receiver. The 

probability of this event is: 

𝑝𝐼𝐹 _𝐼𝐼 = 𝜋𝐼 ⋅ 𝑝𝑉𝐵𝐸 |𝐼
′      (5.43) 

 

In this case, all stations in the 𝑉𝐵𝐸  area reach state 𝑉𝐵𝐸(𝐿 ,𝐿)  with 

probability 1, as shown in Figure 5.4: 

𝑝𝐼𝐹 _𝐼𝐼 _𝑉𝐵𝐸   𝑑𝑅𝑋  = 1  ,1 ≤ 𝑑𝑅𝑋 ≤ 𝑅      (5.44) 
 

Case III: The frame reception starts with one of states 𝑉𝐵𝐿(𝑙,1) , 

1 ≤ 𝑙 ≤ 𝐿 − 1, with the probability: 

𝑝𝐼𝐹 _𝐼𝐼𝐼 = 𝜋𝐼 ⋅  
𝑝𝑉𝐵𝐿 |𝐼
′

𝐿
      (5.45) 

 

In Case III, similar to in Case I, an interference-free reception may end with 
state 𝑉(𝐿 ,𝐿)  or 𝑉𝐵𝐸(𝐿 ,𝐿)  in 𝐿 steps. If the frame reception starts with state 

𝑉𝐵𝐿(𝐿−1,1), the probability that the state 𝑉(𝐿 ,𝐿) is reached after 𝐿 steps is 1. 

Otherwise, if the frame reception starts with state 𝑉𝐵𝐿(𝑙,1), 1 ≤ 𝑙 ≤ 𝐿 − 2, the 

probability that state 𝑉(𝐿 ,𝐿) is reached after 𝐿 steps at the receiver with 𝑑𝑅𝑋  is: 

𝑝𝐼𝐹 _𝐼𝐼𝐼 _𝑉  𝑙, 𝑑𝑅𝑋    

=  𝑝
𝑉 |𝑉
 𝑑𝑅𝑋   

𝐿−1−𝑙
, 1 ≤ 𝑙 ≤ 𝐿 − 1, 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅         (5.46) 

Where, 𝑝
𝑉 |𝑉
 𝑑𝑅𝑋   is given by Eq.(B.52) in Appendix B.9. 

The probability that state 𝑉𝐵𝐸(𝐿 ,𝐿) is reached in 𝐿 steps at the receiver 

with 𝑑𝑅𝑋  is: 

𝑝𝐼𝐹 _𝐼𝐼𝐼 _𝑉𝐵𝐸   𝑙, 𝑑𝑅𝑋  

=

 
 
 

 
 
𝑝
𝑉𝐵𝐸 |𝑉
 𝑑𝑅𝑋  ⋅   𝑝𝑉 |𝑉

 𝑑𝑅𝑋   
𝑖

𝐿−2−𝑙

𝑖=0

, 1 ≤ 𝑙 ≤ 𝐿 − 2, 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅

0 , 𝑙 = 𝐿 − 1, 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅

    

     (5.47) 
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Where, 𝑝
𝑉𝐵𝐸 |𝑉
 𝑑𝑅𝑋   and 𝑝

𝑉 |𝑉
 𝑑𝑅𝑋   are given in Appendix B.8 and Appendix 

B.9, respectively. 

Finally, the mean interference-free probability 𝑝𝐼𝐹  of a reception burst is 
calculated using Eq.(5.36) to Eq.(5.47): 

𝑝𝐼𝐹 =
1

𝑝𝑅𝑋
⋅  𝑝𝐼𝐹𝑆  𝑑𝑅𝑋  
𝑅

𝑑𝑅𝑋 =1

⋅  𝑝𝐼𝐹 _𝐼 ⋅  𝑝𝐼𝐹 _𝐼 _𝑉  𝑑𝑅𝑋  + 𝑝𝐼𝐹 _𝐼 _𝑉𝐵𝐸  𝑑𝑅𝑋   ⋅ 𝑓𝑑𝑅𝑋 |𝑉  𝑑𝑅𝑋   + 𝑝𝐼𝐹 _𝐼𝐼

⋅ 𝑓𝑑𝑅𝑋 |𝑉𝐵  𝑑𝑅𝑋  + 𝑝𝐼𝐹 _𝐼𝐼𝐼

⋅  𝑝𝐼𝐹 _𝐼𝐼𝐼 _𝑉  𝑙, 𝑑𝑅𝑋  + 𝑝𝐼𝐹 _𝐼𝐼𝐼 _𝑉𝐵𝐸   𝑙, 𝑑𝑅𝑋   
𝐿−1

𝑙=1

⋅ 𝑓𝑑𝑅𝑋 |𝑉𝐵  𝑑𝑅𝑋         

     (5.48) 
 

Using Eq.(5.36) to Eq.(5.48), we can calculate the conditional distribution of 
𝑑𝑅𝑋  given a frame is received interference-free: 

𝑓𝑑𝑅𝑋 |𝐼𝐹  𝑘 =
1

𝑝𝐼𝐹
⋅

1

𝑝𝑅𝑋
⋅  𝑝𝐼𝐹𝑆  k 

⋅  𝑝𝐼𝐹 _𝐼 ⋅  𝑝𝐼𝐹 _𝐼 _𝑉  𝑘 + 𝑝𝐼𝐹 _𝐼 _𝑉𝐵𝐸  𝑘  ⋅ 𝑓𝑑𝑅𝑋 |𝑉  𝑘  + 𝑝𝐼𝐹 _𝐼𝐼

⋅ 𝑓𝑑𝑅𝑋 |𝑉𝐵  𝑘 + 𝑝𝐼𝐹 _𝐼𝐼𝐼 ⋅  𝑝𝐼𝐹 _𝐼𝐼𝐼 _𝑉  𝑙, 𝑘 + 𝑝𝐼𝐹 _𝐼𝐼𝐼 _𝑉𝐵𝐸   𝑙, 𝑘  
𝐿−1

𝑙=1

⋅ 𝑓𝑑𝑅𝑋 |𝑉𝐵  𝑘    ,1 ≤ 𝑘 ≤ 𝑅 

     (5.49) 
 

5.5.5 Goodput of CSMA Broadcast 

Goodput (𝐺) is the metric of evaluating the efficiency of CSMA broadcast 
communication in hidden station scenarios. In this thesis, 𝐺 is calculated as 
follows: 

𝐺 =
𝐿 ⋅ 𝑝𝐼𝐹
𝑇𝑅𝑋𝑃              

     (5.50) 

 

Where, 𝑇𝑅𝑋𝑃               is the expected value of the reception period 𝑇𝑅𝑋𝑃  that is given in 
Eq.(5.35) and 𝑝𝐼𝐹  is the interference-free ratio of a reception burst. 𝐺 can also 
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be understood as the fraction of time used for delivering interference-free frames 
out of the total time resource.  

5.6 Model Validation 

The hidden station model is validated by comparing the analytical results 
against the simulation results obtained from a stochastic simulator, which 
implements the CSMA broadcast communication using Matlab® .4 

5.6.1 Simulation Scenarios for Model Validation 

Simulating an infinite 1-D scenario with uniformly distributed station is not 
feasible with finite computing power and memory space. As an alternative, we 
setup a finite 1-D scenario with periodic boundary condition and large number of 
stations to emulate the infinite 1-D topology for validating the model. This 
scenario is referred to as finite 1-D loop scenario. 

An example of the finite 1-D loop scenario is shown in Figure 5.13, where all 
stations are placed on a linear topology with constant spacing 1/𝛽. The number 
of stations is set to a large value. So that channel sensing range 𝑟 of each station 
is far less than the length of the scenario.  

This simulation scenario avoids the border effect of any open end topology, 
and thus can emulate the homogeneous behavior of stations in an infinite 1-D 
network. However, according to the graph representation introduced in Section 
3.2.2, the finite 1-D loop scenario has a separator with at minimum two hidden 
station units, instead of one as in the ideal infinite 1-D scenario. This implies the 
conditional independence assumption may not hold and the distribution of 𝑑𝐹  
may not be exactly geometric in this simulation scenario, especially when the 
simulated number of station is relatively small and the value of 𝑝𝑡𝑥  is relatively 
large. However, as shown in Section 5.6.2, the close match between the 
analytical results and the results gained from simulations indicates that with a 
large number of stations in the loop scenario the infinite 1-D network topology 
can be emulated apparently well. Besides, due to the phenomenon of 
"synchronized" transmissions of stations at high 𝑝𝑡𝑥 , see Section 5.6.2, the 
performance of CSMA broadcast in an infinitely long 1-D network can be 
simulated with a finite number of station.  

                                    
4  Source codes for the simulation study and the theoretical analysis are available at 

http://www.comnets.rwth-aachen.de/fileadmin/user_upload/zyp/private/index.html#dissertation 
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The simulation parameters of 1-D loop scenario are listed in Table 5.1: 

Table 5.1: Simulation parameters of 1-D loop scenarios 

Parameters Value 
Number of stations 800 
Station density (𝛽)  1/30 [𝑠𝑡𝑎𝑡𝑖𝑜𝑛/𝑚] 
Transmission probabilities (𝑝𝑡𝑥 ) 0.001 ~ 0.99 
Frame length (𝐿) 16 𝜎, 32 𝜎 
Number of one-side neighbors (𝑅) 8, 16 

5.6.2 Validation Results 

5.6.2.1 Distribution of dTX and dF  

The analytical and simulated results of PMF of inter-transmitter distance 
𝑑𝑇𝑋  and of the number of stations in a free area 𝑑𝐹  are shown in Figure 5.14 to 
Figure 5.16. See Eq.(5.5), Eq.(5.17) and Eq.(5.20) for the analytical PMF 
𝑓𝑑𝑇𝑋  𝑘 , 𝑘 = 1,2,3,… of 𝑑𝑇𝑋 . See Eq.(5.2) for the analytical PMF 𝑓𝑑𝐹  𝑘 , 𝑘 =

1,2,3,… of 𝑑𝐹 . All results are obtained with setting 𝐿 = 32, 𝑅 = 16 and three 
different 𝑝𝑡𝑥  values, namely 0.002, 0.1 and 0.34, representing situations with low, 
middle, and high conditional channel access probability. The numerical solution 
of 𝑝𝑂 ,𝐹  , i.e. the parameter of the respective distribution of 𝑑𝐹 , see Eq.(5.2), is 

also given in the caption of corresponding figure of each case. 

 

Figure 5.13: Finite 1-D loop scenario for simulation 
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For all three 𝑝𝑡𝑥  values, the simulated PMF of 𝑑𝑇𝑋  matches 𝑓𝑑𝑇𝑋  𝑘 , 𝑘 =

1,2,3,… very close. An interesting observation from the PMF curves is the 
"double-peak" shape with peaks at 𝑑𝑇𝑋 = 1 and 𝑑𝑇𝑋 = 𝑅 + 1, which is explained 
by the fact that transmissions with 0 ≤ 𝑑𝑇𝑋 ≤ 𝑅  are synchronized, whereas 
transmissions with 𝑑𝑇𝑋 ≥ 𝑅 + 1 may not be synchronized. It is observed that 
the shape of the curve is governed by Eq.(5.5) in both 0 ≤ 𝑑𝑇𝑋 ≤ 𝑅  and 

 

Figure 5.15: Distribution of dTX and dF for L=32, R=16 and ptx=0.1, 
(solution: pOF=0.0996) 

 

Figure 5.14: Distribution of dTX and dF for L=32, R=16, and ptx=0.002, 
(solution: pOF=0.0343) 
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𝑅 + 1 ≤ 𝑑𝑇𝑋 ≤ 2𝑅 + 1 . As expected, a lower 𝑝𝑡𝑥  value generates higher a 
probability in 𝑑𝑇𝑋 ≥ 𝑅 + 1 , whereas a higher 𝑝𝑡𝑥  value causes a higher 
probability in 𝑑𝑇𝑋 ≤ 𝑅 and makes the second peak in the curve almost invisible. 
See Figure 5.16. 

The simulated results for 𝑑𝐹  at low and middle 𝑝𝑡𝑥  values in Figure 5.14 and 
Figure 5.15 match the geometric distribution with parameter 𝑝𝑂 ,𝐹  gained from 

the analytical model very well. Due to an insufficient number of samples at high 
𝑝𝑡𝑥  value, the simulated 𝑑𝐹  curve in Figure 5.16 statistically deviates from the 
analytically gained curve in some parts with a clear trend towards a geometric 
distribution. The geometric distribution of simulated 𝑑𝐹  results is a strong 
indication for the presence of the "memorylessness" property in the value of 𝑑𝐹 , 
which can be taken as a confirmation of the fundamental assumption of 
conditional independence made in Section 3.2.2. This also explains why [7] can 
obtain approximate results for the mean channel busy time at low values of 𝑝𝑡𝑥  
by simply assuming independent transmissions among hidden nodes. A detailed 
comparison between our model and the model from [7] with respect to the mean 
channel busy time is presented in Section 5.6.2.3. 

Another interesting finding from 𝑑𝐹  curves is that both high and low 𝑝𝑡𝑥  
values give relatively low solution value of 𝑝𝑂 ,𝐹 , which suggests low probabilities 

even at small 𝑑𝐹  or a relative "flat" PMF curve of 𝑑𝐹 . However, the curves of 
𝑑𝑇𝑋  reveal that in the case of high 𝑝𝑡𝑥  value high probabilities are obtained with 
𝑑𝑇𝑋 ≤ 𝑅. See Figure 5.16(a). This suggests a larger number of stations whose 

 

Figure 5.16: Distribution of dTX and dF for L=32, R=16 and ptx=0.34, 
(solution: pOF=0.0116) 
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transmission are synchronized due to the overlapping R-Zones. This results in a 
much less sample size of 𝑑𝐹 , which requires 𝑑𝑇𝑋 ≥ 𝑅 + 2 . In contrast, 
transmissions in the cases of the low 𝑝𝑡𝑥  value are less synchronized due to the 
lower probability of 𝑑𝑇𝑋 ≤ 𝑅, as shown in Figure 5.14(a), implying a more 
"random" scenario. In the case of the middle 𝑝𝑡𝑥  value, e.g. 𝑝𝑡𝑥 = 0.1 in Figure 
5.15, on one hand, the relative higher 𝑝𝑂 ,𝐹  value obtained from the analytical 

model generates a "steeper" PMF curve of 𝑑𝐹 . On the other hand, the relative 
higher probability for 𝑑𝑇𝑋 ≥ 𝑅 + 2 with the middle 𝑝𝑡𝑥  value in comparison 
with the low 𝑝𝑡𝑥  value produces sufficient number of samples for 𝑑𝐹  in the 
simulation. Both effects lead to well matched curves of 𝑑𝐹  from analytical model 
and simulated results. 

The phenomenon of "synchronized" transmission of CSMA stations, when the 
value of 𝑝𝑡𝑥  is high, is demonstrated in more detail when we discuss the 
distribution of station's states and time metrics in following sections. 

5.6.2.2 Station State Probability Distribution 

The simulated and analytical steady state probabilities 𝜋𝐼 , 𝜋𝑅𝐵 , and 𝜋𝑇𝑋 , 
for states 𝐼 , 𝑅𝐵, and 𝑇𝑋 respectively, against the conditional channel access 
probability 𝑝𝑡𝑥  at a station are shown in Figure 5.17. The four subplots of 
Figure 5.17 are dedicated to four scenarios with different 𝐿 and 𝑅 settings, as 
identified in the title of each subplot. The well matched simulated and analytical 
results validate the analytical model and show the accuracy of the model across 
the range of studied 𝑝𝑡𝑥  values. 

It is common to all scenarios that at the low end of 𝑝𝑡𝑥 , when 𝑝𝑡𝑥  increases, 
𝜋𝐼  drops rapidly, whereas the probability 𝜋𝑅𝐵  of state 𝑅𝐵  comes up fast. 
Interestingly, when the value of 𝑝𝑡𝑥  further increases, 𝜋𝐼  converges to the fixed 
value 1/(𝐿+ 1) and 𝜋𝑅𝐵  turns over from increasing to decreasing. At the high 
end of 𝑝𝑡𝑥 , there is a linear relation of both 𝜋𝑅𝐵  and 𝜋𝑇𝑋  dependent on 𝑝𝑇𝑋 , 
while 𝜋𝐼  stays constant at 1/(𝐿+ 1).  This is exactly the phenomenon of 
"synchronized" CSMA transmissions when 𝑝𝑡𝑥  becomes high, which has been 
discovered in the last section: With the increased 𝑝𝑡𝑥  more transmissions become 
synchronized due to the closer inter-transmitter distance in a hidden station 
scenario. After a certain 𝑝𝑡𝑥  value, which we refer to as synchronization point 
(SP), almost all transmissions start and finish simultaneously (owing to the 
assumed constant frame length 𝐿). In this study, the value of SP is determined 
by finding the value of 𝑝𝑡𝑥 , beyond which the value of system goodput 𝐺 drops 
below 0.001. See Section 5.6.2.5. In each subplot of Figure 5.17 an almost flat 
curve of 𝜋𝐼  at 1/(𝐿+ 1)  is observed beyond the SP. The approximately linear 
dependence of both 𝜋𝑅𝐵  and 𝜋𝑇𝑋  on 𝑝𝑇𝑋  beyond the SP can be explained by 
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the deterministic relation between 𝜋𝐼  and 𝜋𝑇𝑋  in the time-domain Markov 
chain. Given the frame length 𝐿 is constant, we have: 

𝜋𝑇𝑋 = 𝜋𝑇 𝑋  𝐿 , 𝑛  

𝐿

𝑛=1

= 𝑝𝑡𝑥 ⋅ 𝜋𝐼 ⋅ 𝐿     (5.51) 

 

Where, 𝜋𝑇 𝑋  𝐿 , 𝑛  
, 1 ≤ 𝑛 ≤ 𝐿, is the limiting probability of state 𝑇𝑋(𝐿 ,𝑛), 1 ≤ 𝑛 ≤

𝐿 , in the time domain Markov chain. In Eq.(5.51) we use the relations 
𝜋𝑇 𝑋 (𝐿 , 1 )

= 𝑝𝑇𝑋 |𝐼
′ ⋅ 𝜋𝐼 = 𝑝𝑡𝑥 ⋅ 𝜋𝐼 , and 𝜋𝑇 𝑋  𝐿 , 𝑛  

= 𝜋𝑇 𝑋  𝐿 , 𝑛 −1  
, 2 ≤ 𝑛 ≤ 𝐿 , according 

to the Markov chain in Figure 5.4.  

For various scenarios, the synchronization points are different. By comparing 
the subplots (a), (c) with (b), (d) in Figure 5.17, one can find lower SPs with 
larger R values, given the same 𝐿 value. But given the same 𝑅 value, the impact 

 

Figure 5.17: Limiting probabilities of station's states in different scenarios 
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of 𝐿 on the position of SP are not obvious. See the comparison between subplots 
(a) and (c), or between subplots (b) and (d) in Figure 5.17. 

5.6.2.3 Time Metrics 

Simulation results for the expected value of 𝑇𝐼 , 𝑇𝑅𝐵 , and 𝑇𝑅𝑋  in Figure 5.18 
again confirm the accuracy of the analytical model.  

The shapes of 𝑇𝑅𝐵            and 𝑇𝐼       curves are other testimonies of the phenomenon 
of the "synchronized" CSMA transmissions at high 𝑝𝑡𝑥 , where the value of 𝑇𝑅𝐵            
first increases with increased 𝑝𝑡𝑥  and then decreases after the maximum is 
reached. Beyond the SP, 𝑇𝑅𝐵            converges to the fixed value of 𝐿, because all 
transmissions become synchronized. The value of 𝑇𝐼        with increased 𝑝𝑡𝑥  reduces 

 

Figure 5.18: Mean state duration 
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and finally converges to 1 in all scenarios. 

The value of 𝑇𝑅𝑋𝑃               gives an idea about the mean duration between two 
consecutive frame reception events, see Section 5.5.3. It is one of the basic 
factors for evaluating the efficiency of CSMA broadcast communication at a 
given station, as discussed in Section 5.5.5. It can be seen that the smallest 
possible (optimal) value of 𝑇𝑅𝑋𝑃               is reached before the 𝑇𝑅𝐵            reaches its 
maximum. In contrast, a too high or too low value of 𝑝𝑡𝑥  always results in high 
𝑇𝑅𝑋𝑃              , in all four scenarios. The quickly growing value of 𝑇𝑅𝑋𝑃               after the SP is 
due to the high transmission probability 𝜋𝑇𝑋  as shown in Figure 5.17. 

𝑇𝑇𝑋𝑃               is the mean duration between two consecutive transmissions at a 
station. As shown in Figure 5.19, the analytical results match the simulated 
results very well in all scenarios. As expected, 𝑇𝑇𝑋𝑃               is high at low 𝑝𝑡𝑥  values in 
all scenarios because fewer transmission events at each station. 𝑇𝑇𝑋𝑃               decreases 
to the value 𝐿+ 1 when all transmissions are synchronized because of the high 
value of 𝑝𝑡𝑥  at each station. In Figure 5.19, at a given 𝑝𝑡𝑥  value the difference 
between the 𝑇𝑇𝑋𝑃               curves of the same frame length 𝐿 is because of different 
effects from the hidden station problem with different network densities. The 
hidden station problem is more severe in a dense network, i.e. with a higher 𝑅 
value, than in a sparse network, i.e. with a lower 𝑅 value. At a low 𝑝𝑡𝑥  value, 
the effect appears as the prolonged 𝑇𝑅𝐵            value, whereas at a high value of 𝑝𝑡𝑥  the 
effect appears as the convergence of 𝑇𝑅𝐵            towards 𝐿, as shown in Figure 5.18. 
This explains why the curve of the higher 𝑅 value falls from above to below the 

 

Figure 5.19: Mean value of TX period (normalized to time slot 𝜎) 
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curve of the lower 𝑅 value with the increased 𝑝𝑡𝑥  value, when 𝐿 of both curves 
are equal. Figure 5.19 also confirms that with the same value of 𝑅,  the value of 
𝑇𝑇𝑋𝑃               for a longer frame length is always larger than that of a shorter frame 
length under all 𝑝𝑡𝑥  values.  

In Figure 5.20, analytical results of the channel busy time obtained using the 
model developed in [7], where it is denoted as 𝑇𝑏𝑢 𝑠𝑦             , and using our model, where 

it is denoted as 𝑇𝑅𝐵           , are compared against the simulated results. The 
comparison is performed in two scenarios, whose parameter settings are given in 
the title of the subplots (a)-(b) and (c)-(d) of Figure 5.20, respectively. In both 
simulated scenarios, the model from [7] generates approximate results at low 𝑝𝑡𝑥  
values, e.g. below 0.01, but too low values of the mean channel busy time 
duration when the value of 𝑝𝑡𝑥  increases, as shown in Figure 5.20(a) and Figure 

 

Figure 5.20: Analytical results of the mean channel busy time from [7] and 
our model 
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5.20(c). This is because the basic assumption made in [7] that hidden stations 
transmit independently according to a Poisson process is only an acceptable 
approximation if the channel idle probability is high, i.e. if the value of 𝑝𝑡𝑥  is 
low at each station, as explained in Appendix D. The analytical results from the 
model in [7] are approximately correct at low 𝑝𝑡𝑥  value because the number of 
overlapped hidden station transmissions in a single busy duration is relatively 
small. This makes the deviation less obvious when calculating the expected 
length of the overlapped hidden station collisions in [7]. See the explanation 
about this approximation in Appendix D. With an increased 𝑝𝑡𝑥  value the 
deviation between the analytical results from the model in [7] and the simulated 
results becomes larger.  

Besides, the model from [7] is not able to model the phenomenon of the 
"synchronized" CSMA protocol, which appears in the simulated results when the 
value of 𝑝𝑡𝑥  increases beyond 0.2 in Figure 5.20(a) and beyond 0.1 in Figure 
5.20(c). As discussed in Appendix D, this is because the model developed in [7] 
does not consider the increasing probabilities of the simultaneous transmission in 
overlapped R-Zones and the synchronized hidden station collisions when the 
value of 𝑝𝑡𝑥  increases. In contrast, the analytical results from our model closely 
follow the simulated results at all 𝑝𝑡𝑥  values thanks to the joint solution using 
the time-domain and the space-domain Markov chains. 

The optimum system efficiency of CSMA broadcast, i.e. the system goodput 
𝐺, is usually achieved at a low 𝑝𝑡𝑥  value, as shown in Section 5.6.2.5. In a 
practical CSMA system for vehicular communications such as the IEEE 802.11p 
network the maximum value of 𝑝𝑡𝑥  can be restricted by setting the minimum 
contention window size 𝐶𝑊𝑚𝑖𝑛  to a large value, e.g. 128 or higher, as discussed 
in Section 7.5. Taking these facts into account, the model from [7] still provides 
a good reference to the performance of practical IEEE 802.11p networks. 

5.6.2.4 Interference-Free Probability of Reception Burst 

Another important parameter for evaluating the efficiency of CSMA 
broadcast at a given station is the interference-free probability 𝑝𝐼𝐹  of reception 
bursts, as analyzed in Section 5.5.4. The simulated results and the analytical 
results from our model match very well in all scenarios, as shown in Figure 
5.21(a) to Figure 5.21(d). The value of 𝑝𝐼𝐹  in all scenarios with increased 𝑝𝑡𝑥  
monotonically decreases from close to 1 to almost 0. The very low value of 𝑝𝐼𝐹  
beyond the SPs (from Figure 5.17) is because transmissions are overlapped at 
almost all receiving stations. From the reliability's point of view, a lower 𝑝𝑡𝑥  is 
always preferred. 
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In addition to 𝑝𝐼𝐹 , our model also gives the conditional distribution 𝑓𝑑𝑅𝑋 |𝐼𝐹  

of the distance 𝑑𝑅𝑋  from a receiver of a frame to its transmitter, conditioned on 
the reception burst is interference-free. Here 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅. Figure 5.22 shows 
the analytical results of 𝑓𝑑𝑅𝑋 |𝐼𝐹  (see Eq.(5.49) in Section 5.5.4) in comparison 

with the simulated results. The accuracy of Eq.(5.49) is confirmed by a close 
match of analytical and simulated results in all four scenarios shown. Generally, 
the probability that a frame is received interference-free from a closer neighbor, 
i.e. with a smaller 𝑑𝑅𝑋  value, is higher than that of a frame from a farther away 
neighbor, i.e. with a larger 𝑑𝑅𝑋  value. This advantage for closer neighbors is 
more obvious with high 𝑝𝑡𝑥  values than with low 𝑝𝑡𝑥  values, for a given 𝐿 and 𝑅 
setting. 

 

Figure 5.21: Interference-free probability of reception bursts and system's 
goodput 
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5.6.2.5 Goodput of CSMA Broadcast 

Figure 5.21 also shows the analytical results calculated in Section 5.5.5 and 
the simulated results of the Goodput (𝐺) of CSMA broadcast in hidden station 
scenarios. 

The results in Figure 5.21 indicate that the best efficiency of CSMA 
broadcast can only be achieved at low 𝑝𝑡𝑥 , and due to the increasing probability 
of interference the value of 𝐺 drops dramatically when 𝑝𝑡𝑥  goes higher. Beyond 
the SP, almost no received frame can survive from interference and 𝐺 reduces to 
almost zero. The optimal value of 𝑝𝑡𝑥  for the best performance of 𝐺 is scenario 
dependent, as analyzed in the next section with more comprehensive analytical 
results. 

It is worth mentioning that 𝐺 stands only for the MAC layer efficiency with 

 

Figure 5.22: Conditional distribution of dRX in interference-free reception 
bursts 
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respect to the interference. The actual frame success probability in a practical 
system depends also on other factor, e.g. the decoder's performance at the 
physical layer (PHY) in the presence of co-channel interference, and may result 
in a higher value of system goodput.  

5.7 Further Analytical Results and Discussion 

Remarkable impacts of the number of one-side neighbors  𝑅  on the system 
performance are observed, as shown in Figure 5.23. The analytical results of  
𝑇𝑅𝐵             and 𝐺 of different 𝑅 in Figure 5.23 demonstrate that for the same 𝐿 
setting a higher optimal 𝐺 value and a lower maximal  𝑇𝑅𝐵            value can be 
achieved with larger 𝑅 at lower 𝑝𝑡𝑥 . However, the larger the value of 𝑅 is, the 
faster the 𝐺 value drops with increased 𝑝𝑡𝑥  and the easier the system becomes 
"synchronized". 

 

Figure 5.23: Impacts of the number of one-side neighbors (R) on the mean 
receiving busy time and the system goodput 
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The similar impact on the goodput performance is observed from the frame 
size 𝐿, but the impact is less obvious in comparison with the impact of 𝑅. As 
presented in Figure 5.24(b), a higher optimal 𝐺 is achieved with a higher 𝐿 
value, but a much higher  𝑇𝑅𝐵            value are observed in Figure 5.24(a). Besides, 
unlike in Figure 5.23(b) the values of 𝑝𝑡𝑥  when 𝐺 reduces to zero are more or 
less the same for different 𝐿 values, as shown in Figure 5.24(b).  

From the above observations, one can conclude that from the system 
efficiency's point of view, i.e. for the optimal system goodput, 𝑅 is an effective 
parameter to tune, whereas from the frame delay's point of view the frame 𝐿 is a 
more important parameter. 

 

 

Figure 5.24: Impact of the frame length (L) on the mean receiving busy time 
and the system goodput  
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5.8 Summary 

The hidden station model for CSMA broadcast communication is developed 
by coupling the time-domain and spatial-domain properties of stations in a 1-D 
network. The accuracy of the model is proved through simulation studies, which 
also validates the fundamental assumptions of stationary channel access 
probability and conditional independence from Chapter 3.  

A remarkable finding from the analytical results is that higher network 
density, represented by the value of 𝑅 in the model, and larger frame size 𝐿 are 
helpful in getting higher optimal system efficiency, evaluated as the system 
goodput 𝐺. See Section 5.7. However, the dynamic range of 𝑝𝑡𝑥  for reaching 
system efficiency close to the optimum shrinks, when the network density or the 
frame size increases. Obviously, this finding does not support the argument that 
the system performance of CSMA decreases with increased network density.  

Another finding is about the decreasing reliability performance of CSMA 
broadcast communication, evaluated as the interference-free probability 𝑝𝐼𝐹  of 
reception burst, with increased topological distance 𝑑𝑅𝑋  between the transmitter 
and the receiver. This finding suggests that for a specific application the 
performance of CSMA broadcast communication shall be evaluated taking 
account of the topological distance 𝑑𝑅𝑋 , as presented in Chapter 7 for the 
Cooperative Awareness Service (CAS) in VANET. 

The developed hidden station model of the generic CSMA protocol is used in 
modeling the IEEE802.11p protocol in the next chapter.  
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CHAPTER 6 

 
6 IEEE 802.11p Broadcast Model for Infinite1-D Network with Hidden Stations 

IEEE 802.11p Broadcast Model for Infinite1-D 
Network with Hidden Stations 

This chapter is devoted to developing an analytical model for IEEE 802.11p 
broadcast [11] in the infinite 1-D hidden station scenario using the hidden 
station model developed in previous sections and a new analytical model for 
IEEE 802.11 DCF broadcast [12] based on the work in [2]. To this end, the 
conditional channel access probability 𝑝𝑡𝑥  in the hidden station model is found 
for the IEEE 802.11p protocol with respect to specific protocol parameters and 
traffic loads. 

6.1 Modeling Approach 

First, a two-dimensional (2-D) Markov chain is constructed for IEEE 
802.11p broadcast based on the IEEE 802.11 DCF model developed in [2]. This 
model is referred to as the protocol model, whereas in the rest of the thesis the 
term hidden station model refers to the analytical model for the hidden station 
problem in a generic CSMA protocol developed in Chapter 5. The protocol 
model enables us to derive the conditional transmission probability 𝜏  in a 
protocol slot under certain traffic load and with specific protocol parameters, if 
the channel idle probability at a station is known. The channel idle probability 
at a station is modeled by the hidden station model using the conditional 
channel access probability 𝑝𝑡𝑥 . By finding the relation between 𝜏  in the protocol 
model and 𝑝𝑡𝑥  in the hidden station model, we get an equation system involving 
these two models to solve 𝜏  and respectively 𝑝𝑡𝑥 . 

Thanks to the time-domain Markov chain in the hidden station model, the 
time metrics solved in Section 5.5.3 enable us to model the frame transmission 
process at each station as a M/G/1 queuing system. In this way, we are able to 
derive not only the probability 𝑝𝐼𝐹  of interference-free reception burst and 𝐺 the 
system goodput, but also the delay performance, e.g. MAC layer processing 
delay 𝐷𝑆 , as shown in Section 6.6.2.2. 
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6.2 IEEE 802.11 DCF and IEEE 802.11p Broadcast 

According to IEEE 802.11 DCF [12], when a station has a frame to transmit, 
the backoff entity first draws a random integer number 𝑘 for the backoff counter 
following the uniform distribution in the range of [0,𝐶𝑊𝑚𝑖𝑛 ]. 𝐶𝑊𝑚𝑖𝑛  is the 
minimum contention window size that usually takes the value 𝐶𝑊𝑚𝑖𝑛 = 2𝑖 −
1, 𝑖 = 2, 3, 4… The backoff counter value decreases by one when the channel is 
sensed idle for a Backoff Slot 𝑇𝜎 . The backoff counter suspends when the 
channel is sensed busy and resumes only after the channel is sensed idle for a 
DCF Inter-Frame Space (DIFS) duration again. When the backoff counter 
reaches zero, the station starts a transmission.  

For unicast frames, a successful transmission is confirmed by an 
acknowledged (ACK) frame within a Short Inter-Frame Space (SIFS) following 
the frame transmission. If no ACK is received, the transmission is considered 
failed and the backoff stage j of the transmitter increases by one with a new 
backoff counter value 𝑘  drawn from the updated contention window size 
[0,𝐶𝑊𝑗 ] for the next retransmission, where 

𝐶𝑊𝑗 =  
 𝐶𝑊𝑚𝑖𝑛 + 1 2𝑗 − 1 , 0 ≤ 𝑗 ≤ 𝑚− 1

 𝐶𝑊𝑚𝑖𝑛 + 1 2𝑚 − 1 = 𝐶𝑊𝑚𝑎𝑥 , 𝑗 ≥ 𝑚
  (6.1) 

 

𝑚 is the maximum backoff stage. 

Once the number of retransmissions reaches the predefined limit, the frame 
is dropped.  

The backoff process for broadcast frames is the same as for unicast frames 
except that no ACK for a broadcast frame is defined in the standard and no 
retransmission is performed at the MAC layer in any case of broadcast 
communication. That means for a broadcast frame the backoff stage 𝑗 never 
increases. 

For all new frames, following a successfully transmitted frame or a dropped 
frame (in the case of unicast), the backoff entity always starts with backoff stage 
𝑗 = 0 and the contention window size 𝐶𝑊𝑚𝑖𝑛 . In case there is no frame in the 
MAC queue to transmit after a successful transmission or a frame drop, the so 
called post-backoff is performed. In the post-backoff stage, the backoff entity 
draws a random number from the range of [0,𝐶𝑊𝑚𝑖𝑛 ] as the backoff counter 
value and starts to backoff just as a frame is waiting for transmission. If a frame 
arrives in the MAC queue before the backoff counter reaches 0, the backoff 
entity goes on with the current backoff process and transmits the frame when 
the counter decreases to 0. In case the post-backoff counter reaches 0 with an 
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empty queue, the backoff entity stops and waits for the new frame to arrive. 
After the post-backoff process, if a new frame arrives when the channel is sensed 
busy, the backoff entity draws a new backoff counter value and starts a normal 
backoff. Otherwise, if the frame arrives when the channel is sensed idle, it is 
transmitted immediately without any further backoff. [12] 

The procedure of broadcast with IEEE 802.11p is based on the IEEE 802.11 
DCF rule, as described above [11]. For a IEEE 802.11p system operating on 
10 [MHz] channel spacing the PHY characteristics that are related to the MAC 
modeling work is given in Table 6.1. (Refer to Table 18-17 in [12]) 

Table 6.1: Characteristics of IEEE 802.11p with 10 [MHz] channel spacing 

Characteristics Value 
Backoff slot time (𝑇𝜎 ) 13 [𝜇𝑠] 
SIFS time (𝑎𝑆𝐼𝐹𝑆𝑇𝑖𝑚𝑒)  32 [𝜇𝑠] 
DIFS time (𝑎𝐷𝐼𝐹𝑆𝑇𝑖𝑚𝑒)1 58 [𝜇𝑠] 

  

1 The value of DIFS is calculated according to equation (9-3) in [12].  

6.3 Assumptions of IEEE 802.11p Broadcast Model 

In addition to the assumptions introduced in Chapter 3 and Chapter 4 for 
the hidden station model, following assumptions are made for building the IEEE 
802.11p protocol model: 

As explained in Section 4.2, we define 𝑇𝜎 = 1, i.e. the length of IEEE 802.11 
backoff slot equals the length of time slot 𝜎 in the hidden station model.  

As in [2], the channel idle probability is assumed to be independent from the 
backoff procedure. However, it is discovered in this thesis that this assumption 
becomes weak under unsaturated traffic loads, when the contention window size 
𝐶𝑊𝑚𝑖𝑛  is relatively small compared to the frame length 𝐿, if both are measured 
in the backoff slot time 𝑇𝜎 , as discussed in Section 6.7.4.  

The frame arrival process at the MAC layer of each station is a Poisson 
process with parameter 𝜆𝐹  [frame/s]. The frame arrival process is identical at 
each station. 

Each station in this scenario has a MAC layer queue of infinite length. 

In order to be consistent with the per-station time-domain Markov model in 
Figure 5.4, we focus on the case that only one frame is transmitted after a 
backoff process, i.e. no consecutive frame transmission at one station. 
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6.4 Definition of Protocol Slot 

In order to be distinguished from the time slots in the hidden station model, 
the concepts of temporal spans in the protocol model are referred to as protocol 
slots. The definition of protocol slots uses the separation method from [25] for 
the model Time slot, see Section IV.A in [25], except that in this study at most 
one frame is transmitted after a backoff process. Figure 6.1 shows the protocol 
slots at station B that has station A in its clear-set. As shown in Figure 6.1, 
there are three kinds of protocol slots, namely, idle protocol slot, whose duration 
is 𝑇𝐼𝑃 , busy protocol slot, whose duration is 𝑇𝐵𝑃 , and transmitting (TX) 
protocol slot, whose duration is 𝑇𝑇𝑃 . All three kinds of protocol slots end with 
an idle IEEE 802.11 DCF backoff slot, or an idle time slot from the view point 
of the hidden station model, as each protocol slot involves a backoff counting-
down event. In the protocol model, DIFS is treated as a part of the frame 
length, i.e. being included in 𝑇𝐵𝑃  or 𝑇𝑇𝑃 , but not in 𝑇𝐼𝑃 .  

6.5  2-D Protocol Markov Chain for IEEE802.11p 

In the IEEE 802.11p system, the probability that a station starts to transmit 
after sensing the channel as idle for a period is determined by the backoff 
procedure described in Section 6.2. A protocol Markov chain, shown in Figure 

 

Figure 6.1: Protocol slots in the protocol model for IEEE 802.11p broadcast 
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6.2, is developed to model this backoff procedure. This protocol Markov chain is 
a variation of the model presented in [2]. It simplifies the Bianchi model by 
keeping only one backoff stage for broadcast communication. This model also 
adopts the extension to the Bianchi model with a post-backoff stage for 
modeling non-saturated situations, which is proposed in [19] and further 
improved with respect to the reset behavior of the post-backoff process in [13]. 

All states and non-zero one step transitions of the 2-D random process 
{𝑠(𝑡), 𝑏(𝑡)} of the protocol model are depicted in Figure 6.2. Transitions of the 
protocol Markov chain always occur at the border of protocol slots. States 
{0, 𝑘}, 0 ≤ 𝑘 ≤ 𝑊 − 2, represent the status with backoff counter value 𝑘 and at 
least one frame pending for transmission. It is defined  𝑊 = 𝐶𝑊𝑚𝑖𝑛 + 1. States 
{−1, 𝑘} are the backoff states in the post-backoff process. There are 𝑊 − 1 
states in each stage because the case that new backoff counter value equals zero 
is prohibited due to the assumption of non-consecutive transmission at one 
station in Section 6.3. In this case, state {0,0} covers the situation that the new 
backoff counter value equals one.  

𝜂 is the probability that the MAC queue is not empty at the end of a TX 
protocol slot.  

𝑞𝑁𝑇𝑃  denotes the probability that at least one frame arrives during a non-
TX protocol slot, i.e. during an idle- or a busy- protocol slot.  

𝑝𝐼  and 1− 𝑝𝐼  are the conditional probabilities for the current protocol slot 
being idle and busy, respectively, conditioned on the station is not transmitting.   

𝑞𝐼  and 𝑞𝐵  stand for the probabilities that at least one frame arrives during 
an idle protocol slot and a busy protocol slot, respectively. Given 𝑇𝐼𝑃  and 𝑇𝐵𝑃  

 

Figure 6.2: 2-D protocol Markov chain for IEEE 802.11 DCF broadcast 

0,0 0,1 0,2 0,W-2

-1,0 -1,1 -1,2 -1,W-2...

...

1W



1

1





W



NTP
q1

1

)1(






W

pq
pq

IB

II

1

)1(





W

pq
IB

NTP
q

1

1

)1(





W

pq
IB

1

)1(





W

pq
IB

1 1 1

1

1





W



1

1





W



1

1





W



1W



1W



1W



NTP
q1

NTP
q1

NTP
q1

NTP
q1

NTP
q

NTP
q

NTP
q



6  IEEE 802.11p Broadcast Model for Infinite1-D Network with Hidden 
Stations 

68 

 

being the duration of idle and busy protocol slots, respectively, and the assumed 
Poisson frame arrival process with an arrival rate of 𝜆𝐹 , 𝑞𝐼  and 𝑞𝐵  are 
calculated as: 

𝑞𝐼 = 1− 𝑒−𝜆𝐹 𝑇 𝐼𝑃   (6.2) 
 

𝑞𝐵 = 1− 𝑒−𝜆𝐹 𝑇𝐵𝑃   (6.3) 
 

Where, 𝑇𝐼𝑃 = 𝑇𝜎 = 1 . The value of 𝑇𝐵𝑃  is complicated due to the hidden 
station problem, which is solved by the hidden station model, see Section 6.6. 

Given 𝑝𝐼 , 𝑞𝐼  and 𝑞𝐵 , the probability 𝑞𝑁𝑇𝑃  of a non-TX protocol slot is 
expressed as: 

𝑞𝑁𝑇𝑃 = 𝑝𝐼 ⋅ 𝑞𝐼 +  1− 𝑝𝐼  ⋅  𝑞𝐵     (6.4) 
 

It is worth mentioning that 𝑞𝑁𝑇𝑃 , 𝑝𝐼 , 𝑞𝐼 , and 𝑞𝐵  are calculated equally for 
all states in this protocol model due to the assumed independence between 
channel idle probability and the backoff procedure, see Section 6.3.  

The non-zero one step transition probabilities of the protocol Markov chain 
result in  

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 𝑃 0, 𝑘|0,0 =

𝜂

𝑊 − 1
, 0 ≤ 𝑘 ≤ 𝑊 − 2

𝑃 −1, 𝑘|0,0 =
1− 𝜂

𝑊 − 1
, 0 ≤ 𝑘 ≤ 𝑊 − 2

𝑃 0, 𝑘 − 1|0, 𝑘 = 1 , 1 ≤ 𝑘 ≤ 𝑊 − 2

𝑃 0,0|− 1,0 = 𝑞𝐼𝑝𝐼 +
𝑞𝐵  (1− 𝑝𝐼 )

𝑊 − 1
𝑃 −1,0|− 1,0 = 1− 𝑞𝑁𝑇𝑃

𝑃 0, 𝑘|− 1,0 =
𝑞𝐵  (1− 𝑝𝐼 )

𝑊 − 1
, 1 ≤ 𝑘 ≤ 𝑊 − 2

𝑃 −1, 𝑘 − 1|− 1, 𝑘 = 1− 𝑞𝑁𝑇𝑃 , 1 ≤ 𝑘 ≤ 𝑊 − 2

𝑃 0, 𝑘 − 1|− 1, 𝑘 = 𝑞𝑁𝑇𝑃 , 1 ≤ 𝑘 ≤ 𝑊 − 2

  (6.5) 

 

 

Here we adopt the short notation  𝑃 𝑗1 , 𝑘1    𝑗0 , 𝑘0 = 𝑃 𝑠 𝑡+ 1 = 𝑗1 ,
𝑏 𝑡+ 1 = 𝑘1    𝑠 𝑡 = 𝑗0 , 𝑏 𝑡 = 𝑘0} from [25]. 
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Let 𝑏𝑗,𝑘 = lim𝑡→∞  Pr{𝑠 𝑡 = 𝑗, 𝑏 𝑡 = 𝑘} be the limiting distribution of the 

2-D protocol Markov chain [25]. Owing to the chain regularities, the relation 
among all states is written as: 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 𝑏−1,0 = 𝑏0,0 ⋅

1− 𝜂

𝑊 − 1
          +𝑏−1,1 ⋅  1− 𝑞𝑁𝑇𝑃  + 𝑏−1,0(1− 𝑞𝑁𝑇𝑃 )

𝑏−1,𝑘 = 𝑏0,0 ⋅
1− 𝜂

𝑊 − 1
+ 𝑏−1,𝑘+1 ⋅  1− 𝑞𝑁𝑇𝑃  , 1 ≤ 𝑘 ≤ 𝑊 − 3

𝑏−1,𝑊−2 = 𝑏0,0 ⋅
1− 𝜂

𝑊 − 1
 

𝑏0,0 = 𝑏0,0 ⋅
𝜂

𝑊 − 1
+ 𝑏0,1

         +𝑏−1,0 ⋅  𝑞𝐼 ⋅ 𝑝𝐼 +
𝑞𝐵 ⋅  1− 𝑝𝐼  

𝑊 − 1
 + 𝑏−1,1 ⋅ 𝑞𝑁𝑇𝑃

𝑏0,𝑘 = 𝑏−1,0 ⋅
𝑞𝐵 ⋅ (1− 𝑝𝐼 )

𝑊 − 1

        +𝑏−1,𝑘+1 ⋅ 𝑞𝑁𝑇𝑃 + 𝑏0,0 ⋅
𝜂

𝑊 − 1
+ 𝑏0,𝑘+1 , 1 ≤ 𝑘 ≤ 𝑊 − 3

𝑏0,𝑊−2 = 𝑏−1,0 ⋅
𝑞𝐵 ⋅ (1− 𝑝𝐼 )

𝑊 − 1
+ 𝑏0,0 ⋅

𝜂

𝑊 − 1

 

       (6.6) 
 

Following the convention in [2], 𝜏  is defined as the probability that a station 
starts transmitting in a protocol slot. In this model  𝜏  equals the limiting 
probability of state  {0,0} , i.e.  𝑏0,0 . From Eq.(6.6), we get the limiting 

distribution 𝑏𝑗,𝑘  expressed using 𝜏  by imposing the normalizing condition: 

1 =   𝑏𝑗,𝑘

𝑊 −2

𝑘=0

0

𝑗=−1

  (6.7) 

 

After some algebraic manipulation on Eq.(6.6) and Eq.(6.7),  𝜏  is expressed 
in 𝑊 , 𝜂, 𝑝𝐼 , 𝑞𝐼 , 𝑞𝐵 , and 𝑞𝑁𝑇𝑃 : 
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𝜏 =

 
 
  1− η ⋅

1

𝑞𝑁𝑇𝑃
+ 1 +

𝑊 − 2

2
⋅  𝑞𝐵 ⋅  1− 𝑝𝐼    ⋅

1

𝑞𝑁𝑇𝑃

⋅  
1− 𝜂

𝑊 − 1
 1 +

1− 𝑞𝑁𝑇𝑃
𝑞𝑁𝑇𝑃

⋅  1−  1− 𝑞𝑁𝑇𝑃  
𝑊 −2   +

𝑊 − 2

2
⋅ 𝜂

+
1− 𝜂

𝑊 − 1

⋅  
 𝑊 − 3 ⋅  𝑊 − 2 

2
−

1− 𝑞𝑁𝑇𝑃
𝑞𝑁𝑇𝑃

⋅  𝑊 − 3 +  
1− 𝑞𝑁𝑇𝑃
𝑞𝑁𝑇𝑃

 
2

⋅  1−  1− 𝑞𝑁𝑇𝑃  
𝑊−3   

 
 
 

−1

 

      (6.8) 
 

Here are some observations from Eq.(6.8): 

By imposing 𝜂 = 1 to Eq.(6.8), i.e. the system is under saturated condition 
and all post-backoff states in the model are not reachable, 𝜏  is determined solely 
by the protocol parameter 𝑊 . In this case, as already shown in [2], Eq.(6.8) 
reduces to 

𝜏 =
2

𝑊
     (6.9) 

 

Note: Due to the assumption of no consecutive frame transmission in this 
protocol model, we have 𝑊  in the denominator of Eq.(6.9), instead of 𝑊 + 1 as 
in [2].  

Solving 𝜏  under the unsaturated traffic load requires 𝑝𝐼 , 𝑞𝑁𝑇𝑃  and 𝜂 to be 
solved first, which depend on the length of busy protocol slot 𝑇𝐵𝑃  that can be 
solved using the hidden station model, as presented in the next section.  

6.6 Joint Solution for Hidden Station Model and Protocol 
Model 

6.6.1 Relation between τ and ptx 

In a hidden station scenario, the relation between the transmission 
probability 𝜏  in the protocol model and the channel access probability 𝑝𝑡𝑥  in the 
hidden station model can be found by comparing the definition of protocol slot 
in Figure 6.1 with the time domain Markov chain in Figure 5.4. Figure 6.1 
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shows that the transition among protocol slots in the protocol Markov chain 
occurs at the end of each idle time slot. The Markov chain in Figure 6.3 
represents the Markov chain in Figure 6.2 by using 𝑇𝑃  for the state  0,0  and 
𝑁𝑇𝑃  for all non-TX protocol slots in the protocol model. Given the assumption 
of 𝑁𝐻 = 1 in Section 4.1, i.e. each hidden station unit contains only one station, 
the transition probabilities from state 𝐼 to state 𝑇𝑋 in the hidden station model, 
i.e. 𝑝𝑇𝑋 |𝐼

′  in Figure 5.4, still holds for the transitions from any states to 𝑇𝑃  in 

the protocol model, as shown in Figure 6.3.  

The limiting distribution of state 𝑇𝑃  in Figure 6.3 is 𝜏 . By solving the 
Markov chain in Figure 6.3, we get 

𝜏 = 𝑝𝑇𝑋 |𝐼
′      (6.10) 

 

Recall 𝑝𝑇𝑋 |𝐼
′ = 𝑝𝑡𝑥 , see Eq.(B.11), in the hidden station model, we have 

𝑝𝑡𝑥 = 𝜏      (6.11) 
 

It is worth mentioning that Eq.(6.11) holds only for the case 𝑁𝐻 = 1. In 
case 𝑁𝐻 ≥ 2, i.e. more than one station in one hidden station unit, the channel 
access probability 𝑝𝑡𝑥  of a hidden station unit and its relation to the 
transmission probability 𝜏  at each station can be derived using Assumption 2.1, 
which assumes each station accesses the channel independently when it senses 
the channel idle. This thesis focuses on the case 𝑁𝐻 = 1.  

6.6.2 Solution to the Protocol Model 

In order to find the solution to the protocol model in hidden station 
scenarios, we treat each station as a M/G/1 queuing system, where the backoff 
entity is modeled as the server, with the frame arrival rate 𝜆𝐹  and service rate 
1
𝐷𝑆

 . 𝐷𝑆  is the MAC layer service time of a frame. It is measured from the time 

when the frame reaches the head of the MAC queue, i.e. when it is marked as a 

 

Figure 6.3: Markov chain for TX- and non-TX- protocol slots 
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ready frame for transmission, to the time when the TX protocol slot of this 
frame finishes. According to this definition, service time 𝐷𝑆  of IEEE 802.11p 
broadcast consists of two parts, namely, the backoff time 𝑇𝐵𝐾  and the TX 
protocol slot duration 𝑇𝑇𝑃 : 

𝐷𝑆 = 𝑇𝐵𝐾 + 𝑇𝑇𝑃      (6.12) 
 

From the definition of TX protocol slot in Section 6.4, we have 

𝑇𝑇𝑃 = 𝐿+ 𝑇𝜎      (6.13) 
 

Where, 𝐿 is the length of a frame (including a DIFS time) in the unit of time 
slot 𝜎, and 𝑇𝜎  represents the backoff slot following the frame, as shown in 
Figure 6.1. 

The value of 𝑇𝐵𝐾  depends on the number of backoff slots 𝐾, i.e. the number 
of non-TX protocol slots, experienced by the frame before it reaches the state 
{0,0} in the protocol Markov chain, and the length of the non-TX protocol slots: 

𝑇𝐵𝐾 = 𝐾 ⋅ 𝑇𝑁𝑇𝑃      (6.14) 
 

In the following sections, we calculate 𝑇𝐵𝐾  and solve the protocol Markov 
chain in two identified situations, namely saturated situation and unsaturated 
situation. Given 𝜌 being the system utilization factor of the queuing system, the 
system is said to be in the saturated situation if 𝜌 = 1, and in the unsaturated 
situation if 𝜌 < 1. The detection of the saturation point in the offered traffic 
load for a given scenario and protocol settings is discussed in the next section. 

6.6.2.1 Saturated Situation 

In the saturated situation, the MAC queue never goes empty and the value 
of 𝜂 in Figure 6.2 stays at 1. In this case, the protocol model consists of only 
backoff states  0, 𝑘 , 0 ≤ 𝑘 ≤ 𝑊 − 2, leaving all post-backoff states  −1, 𝑘 ,
0 ≤ 𝑘 ≤ 𝑊 − 2, unreachable.  

The number of non-TX protocol slots 𝐾 that a frame experiences before its 
transmission is uniformly distributed in the range of [0,𝑊 − 2]. Therefore, the 
mean backoff time 𝑇𝐵𝐾            is calculated as:  

𝑇𝐵𝐾           =
𝑊 − 2

2
⋅ 𝑇𝑁𝑇𝑃                  (6.15) 

Where, 𝑇𝑁𝑇𝑃              is the mean duration of a non-TX protocol slot. In a non-TX 
protocol slot 𝑇𝑁𝑇𝑃  takes the value 𝑇𝜎  with probability 𝑝𝐼  and takes the value 
𝑇𝐵𝑃  with probability  1− 𝑝𝐼  . Thus, the mean value of 𝑇𝑁𝑇𝑃  is calculated as: 
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𝑇𝑁𝑇𝑃             = 𝑝𝐼 ⋅ 𝑇𝜎 +  1− 𝑝𝐼  ⋅ 𝑇𝐵𝑃                (6.16) 
 

According to the definition of protocol slots, the conditional probability 𝑝𝐼  in 
the protocol model can be calculated using the transition probabilities in the 
time-domain Markov chain of the hidden station model: 

𝑝𝐼 =
𝑝𝐼 ,𝐼

1− 𝑝𝑇 𝑋 (𝐿 , 1 ),𝐼

=
𝑝𝐼 |𝐼
′

1− 𝑝𝑇𝑋 |𝐼
′      (6.17) 

 

Where, 𝑝𝐼 |𝐼
′  and 𝑝𝑇𝑋 |𝐼

′  are given in Eq.(B.9) and Eq.(B.11),  respectively. 

The mean length 𝑇𝐵𝑃            of a busy protocol slot in Eq.(6.16) is: 

𝑇𝐵𝑃           = 𝑇𝑅𝐵           + 𝑇𝜎      (6.18) 
 

Where, 𝑇𝑅𝐵            is the mean length of receiving busy period in the hidden station 
model given by Eq.(6.3).  

The values of 𝑝𝐼 |𝐼
′ , 𝑝𝑇𝑋 |𝐼

′ , and 𝑇𝑅𝐵           , are solved by the associated hidden 

station model, which requires 𝑝𝑡𝑥  besides the known parameters 𝐿 and 𝑅. To 
this end, Eq.(6.9) and Eq.(6.11) map the known parameter 𝐶𝑊𝑚𝑖𝑛  to 𝑝𝑡𝑥  in the 
saturated situation: 

𝑝𝑡𝑥 =
2

𝑊
=

2

𝐶𝑊𝑚𝑖𝑛 + 1 
     (6.19) 

 

Given the expected MAC layer service time 𝐷𝑆         being solved using Eq.(6.12), 
the system saturation condition 𝜆𝐹

′  of the offered traffic load can be calculated 
using the following relation: 

𝜌 = 𝜆𝐹
′ ⋅ 𝐷𝑆        

′
= 1     (6.20) 

 

Where, 𝐷𝑆        
′
 is the value of 𝐷𝑆         solved using the 𝑝𝑡𝑥  value from Eq.(6.19) and 𝜌 

is the system utilization factor of the queuing system, whose value stays at 1 
under the saturated condition.  

Obviously, in saturated situation the performance of IEEE 802.11p 
broadcast in infinite 1-D hidden station scenarios depends only on three 
parameters: 𝐿, 𝑅, and 𝐶𝑊𝑚𝑖𝑛 .   
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6.6.2.2 Unsaturated Situation 

In the unsaturated situation, the distribution of 𝐾, 0 ≤ 𝐾 ≤ 𝑊 − 2, which 
is the number of non-TX protocol slots a frame experiences before its 
transmission, is complicated due to the existence of post-backoff states, as shown 
in Figure 6.2. To solve the mean service time 𝐷𝑆         of a frame in the unsaturated 
situation, we follow the Probability Generating Function (PGF) approach used 
in [3] and [6].  

Based on Eq.(6.12) and (6.13), we have the PGF of 𝐷𝑆 : 

𝐷𝑆  𝑧 = 𝑧
𝐿+1 ⋅ 𝑇𝐵𝐾  𝑧      (6.21) 

 

Where, 𝑇𝐵𝐾 (𝑧) is the PGF of 𝑇𝐵𝐾 . According to Eq.(6.14) and the definition of 
PGF [16] we have 

𝑇𝐵𝐾  𝑧 =  Pr 𝐾 = 𝑘 ⋅  𝑇𝑁𝑇𝑃  𝑧  
𝑘

𝑊 −2

𝑘=0

     (6.22) 

 

Where, 𝑇𝑁𝑇𝑃  𝑧  is the PGF of 𝑇𝑁𝑇𝑃 . According to Eq.(6.16) and Eq.(6.18), 
𝑇𝑁𝑇𝑃  𝑧  is calculated as:   

𝑇𝑁𝑇𝑃  𝑧 = 𝑝𝐼 ⋅ 𝑧
𝑇𝜎 +  1− 𝑝𝐼  ⋅ 𝑧

𝑇𝐵 = 𝑝𝐼 ⋅ 𝑧
𝑇𝜎 +  1− 𝑝𝐼  ⋅ 𝑧

𝑇𝜎 ⋅ 𝑇𝑅𝐵  𝑧   

     (6.23) 
Where, 𝑇𝑅𝐵 (𝑧) is the PGF of the length of channel busy period 𝑇𝑅𝐵  in the 
hidden station model. Inserting Eq.(6.22) and Eq.(6.23) into Eq.(6.21) we have 

𝐷𝑆  𝑧 = 𝑧
𝐿+1 ⋅  Pr 𝐾 = 𝑘 ⋅  𝑝𝐼 ⋅ 𝑧 +  1− 𝑝𝐼  ⋅ 𝑧 ⋅ 𝑇𝑅𝐵  𝑧  

𝑘
𝑊 −2

𝑘=0

     (6.24) 

 

The mean value, i.e. the first moment, of 𝐷𝑆  is calculated as the first 
derivative of 𝐷𝑆  𝑧  at 𝑧 = 1: 

𝐷𝑆        = 𝐷𝑆
 1 
 𝑧  𝑧=1 =  𝐿+ 1 + Pr 𝐾 = 𝑘 ⋅ 𝑘 ⋅  1 +  1 − 𝑝𝐼  ⋅ 𝑇𝑅𝐵

 1 
 𝑧  𝑧=1 

𝑊−2

𝑘=0

 

=  𝐿+ 1 +  Pr 𝐾 = 𝑘 ⋅ 𝑘 ⋅  1 +  1− 𝑝𝐼  ⋅ 𝑇𝑅𝐵            
𝑊−2

𝑘=0

    (6.25) 

 

Where, 𝑇𝑅𝐵            is given by Eq.(5.30) from the hidden station model. Pr 𝐾 = 𝑘 ,
0 ≤ 𝑘 ≤ 𝑊 − 2, is the PMF of 𝐾, which is calculated as follows: 
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The value of 𝐾 depends on the current state of the backoff entity when the 
frame reaches the head of the MAC queue. As shown in Figure 6.2, state  0,0  
and states  −1, 𝑘 , 0 ≤ 𝑘 ≤ 𝑊 − 2, are the only states that the backoff entity 
can start to serve a new frame.  

If a frame reaches the head of the MAC queue when the backoff entity is in 
state  0,0 , 𝐾 follows a uniform distribution in the range of  0,𝑊 − 2 . The 
conditional distribution of 𝐾 in this case is:   

Pr 𝐾 = 𝑘   𝑠𝑠 =  0,0  =
1

𝑊 − 1
, 0 ≤ 𝑘 ≤ 𝑊 − 2     (6.26) 

 

Pr 𝑠𝑠 =  0,0   is the probability that the backoff entity is in state  0,0 , 

when it starts to serve the new frame. According to the protocol Markov chain 
in Figure 6.2, we have: 

Pr 𝑠𝑠 =  0,0  = 𝜂     (6.27) 
 

If a frame reaches the head of the MAC queue when the backoff entity is in 
any of states  −1, 𝑘 + 1 , 0 ≤ 𝑘 ≤ 𝑊 − 3 , 𝐾  takes the value of 𝑘  with 
probability 1:  

Pr 𝐾 = 𝑘|𝑠𝑠 =  −1, 𝑘 + 1  = 1    , 0 ≤ 𝑘 ≤ 𝑊 − 3 

     (6.28) 
 

From the protocol Markov chain, we have: 

Pr 𝑠𝑠 =  −1,𝑊 − 2  =
 1− 𝜂 

𝑊 − 1
⋅ 𝑞𝑁𝑇𝑃      (6.29) 

 

And  

Pr 𝑠𝑠 =  −1, 𝑘 + 1   

= 
 1− 𝜂 

𝑊 − 1
⋅ 𝑞𝑁𝑇𝑃 ⋅  1 +   1− 𝑞𝑁𝑇𝑃  

𝑖

𝑊 −2− 𝑘+1 

𝑖=1

   , 0 ≤ 𝑘 ≤ 𝑊 − 4 

    (6.30) 
 

If a frame reaches the head of the MAC queue when the backoff entity is in 
state  −1,0 , 𝐾 has the following conditional distribution: 
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Pr 𝐾 = 𝑘 𝑠𝑠 =  −1,0   

=

 
  
 

  
 1

𝑞𝑁𝑇𝑃
⋅  𝑞𝐼 ⋅ 𝑝𝐼 +

𝑞𝐵 ⋅  1− 𝑝𝐼  

𝑊 − 1
 , 𝑘 = 0

1

𝑞𝑁𝑇𝑃
⋅
𝑞𝐵 ⋅  1− 𝑝𝐼  

𝑊 − 1
, 1 ≤ 𝑘 ≤ 𝑊 − 2

 

    (6.31) 
 

Pr 𝑠𝑠 =  −1,0   is calculated as: 

Pr 𝑠𝑠 =  −1,0   

= 1− Pr 𝑠𝑠 = {0,0}  −  Pr 𝑠𝑠 =  −1, 𝑘  
𝑊−2

𝑘=1

     (6.32) 

 

The PMF of 𝐾  is calculated by removing the condition in Eq.(6.26), 
Eq.(6.28) and Eq. (6.31), using Eq.(6.27), Eq.(6.29), Eq.(6.30), and Eq.(6.32), 
respectively, and combing the probabilities of the same 𝐾 value, for 0 ≤ 𝐾 ≤
𝑊 − 2. Eq.(6.33) to Eq.(6.36) give the final results. 

Pr 𝐾 = 0 =
𝜂

𝑊 − 1
+
 1− 𝜂 ⋅ 𝑞𝑁𝑇𝑃
𝑊 − 1

⋅  1 +
 1− 𝑞𝑁𝑇𝑃   1−  1− 𝑞𝑁𝑇𝑃  

𝑊−3 

𝑞𝑁𝑇𝑃
 

+
1

𝑞𝑁𝑇𝑃
⋅  𝑞𝐼 ⋅ 𝑝𝐼 +

𝑞𝐵 ⋅  1− 𝑝𝐼  

𝑊 − 1
 ⋅ Pr{𝑠𝑠 =  −1,0 }   

     (6.33) 
 

Pr 𝐾 = 𝑘 =
𝜂

𝑊 − 1
+
 1− 𝜂 ⋅ 𝑞𝑁𝑇𝑃
𝑊 − 1

⋅  1 +
 1− 𝑞𝑁𝑇𝑃   1−  1− 𝑞𝑁𝑇𝑃  

𝑊−2− 𝑘+1  

𝑞𝑁𝑇𝑃
 +

1

𝑞𝑁𝑇𝑃

⋅  
𝑞𝐵 ⋅  1− 𝑝𝐼  

𝑊 − 1
 ⋅ Pr 𝑠𝑆 =  −1,0     ,1 ≤ 𝑘 ≤ 𝑊 − 4 

     (6.34) 
 

Pr 𝐾 = 𝑊 − 3 = 

𝜂

𝑊 − 1
+
 1− 𝜂 ⋅ 𝑞𝑁𝑇𝑃
𝑊 − 1

+
1

𝑞𝑁𝑇𝑃
⋅  
𝑞𝐵 ⋅  1− 𝑝𝐼  

𝑊 − 1
 ⋅ Pr{𝑠𝑠 =  −1,0 }    

     (6.35) 
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Pr 𝐾 = 𝑊 − 2 = 

𝜂

𝑊 − 1
+

1

𝑞𝑁𝑇𝑃
⋅
𝑞𝐵 ⋅  1− 𝑝𝐼  

𝑊 − 1
⋅ Pr{𝑠𝑠 =  −1,0 }     (6.36) 

 

Where, Pr{𝑠𝑠 =  −1,0 } is given in Eq.(6.32). 

Using the mean service time of the M/G/1 queuing system calculated from 
Eq.(6.25) and the frame arrival rate 𝜆𝐹 , we can calculate the system utilization 
factor 𝜌 of the queuing system:  

𝜌 = 𝜆𝐹 ⋅ 𝐷𝑆             (6.37) 
 

On the other hand, according to its definition the system utilization factor 𝜌 
of a queuing system is the mean fraction of time that the server is busy with 
ready work [16]. In this protocol model, we have 

𝜌 =
 𝑏0 − 𝜏 ⋅ 𝑇𝑁𝑇𝑃             + 𝜏 ⋅ 𝑇𝑇𝑃
 1− 𝜏 ⋅ 𝑇𝑁𝑇𝑃             + 𝜏 ⋅ 𝑇𝑇𝑃

     (6.38) 

 

Where, 𝑏0  is the limiting probability that the backoff entity is in any of states 
 0, 𝑘 , 0 ≤ 𝑘 ≤ 𝑊 − 2. Based on Eq.(6.6), 𝑏0  is calculated as: 

𝑏0 =  𝑏0,𝑖

𝑊 −2

𝑖=0

= 1−
𝜏 ⋅  1− 𝜂 

𝑞𝑁𝑇𝑃
    (6.39) 

 

The hidden station model and the protocol model in unsaturated scenarios 
are solved by finding the value of 𝜏  in the protocol model, or equivalently the 
value of 𝑝𝑡𝑥  in the hidden station model, which simultaneously satisfy Eq.(6.37) 
and Eq.(6.38), i.e. the solution for 𝜏  in: 

𝜆𝐹 ⋅ 𝐷𝑆        = 
 𝑏0 − 𝜏 ⋅ 𝑇𝑁𝑇𝑃             + 𝜏 ⋅ 𝑇𝑇𝑃
 1− 𝜏 ⋅ 𝑇𝑁𝑇𝑃             + 𝜏 ⋅ 𝑇𝑇𝑃

    (6.40) 

 

In this way, the performance of IEEE 802.11p broadcast in an infinite 1-D 
hidden station scenario under unsaturated traffic load can be modeled with 
known parameters, 𝐶𝑊𝑚𝑖𝑛 , 𝜆𝐹 , 𝐿, and 𝑅. 

Figure 6.4 shows two examples of the solution to the joint protocol and 
hidden station model, where the solution value of 𝜏  is found at the intersection 
of the curves of 𝜌 calculated from Eq.(6.37) and Eq.(6.38), respectively. Another 
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limiting condition is that the value of 𝜂, i.e. the probability of non-empty queue 
at the end of each TX protocol slot, shall be in the range [0, 1] at the solution 
value of 𝜏 . The calculation parameters are shown in the title of each sub-plot in 
Figure 6.4, and sub-plots (b) and (d) give the details close to the solution in sub-
plots (a) and (c), respectively. 

6.7 Model Validation 

The proposed analytical model is validated using Monte-Carlo simulations. 
The simulation scenario is identical to the one introduced in Section 5.6.1, 

 

Figure 6.4: Example solutions to the joint protocol and hidden station 
model under unsaturated conditions 
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except that all stations investigated in this section running the IEEE 802.11p 
protocol with parameter settings given in Table 6.1.  

6.7.1 Essential Probabilities of Protocol Model 

Figure 6.5 shows the essential probabilities in the protocol model against the 
offered traffic load. Simulations are performed with identical setting of 𝐿 and 𝑅, 
as given in the title of each subplot. The impact of different contention window 
size is demonstrated in different subplots, where the value of 𝐶𝑊𝑚𝑖𝑛  is also 
given in the title. The analytical results for 𝜏 , 𝜂, 𝜌, and 𝑝𝐼  from Eqs.(6.11) (6.8) 
(6.38) and (6.17), respectively, closely match the simulated results in subplots 
(b), (c), and (d), under both the saturated and the unsaturated traffic loads. 

 

Figure 6.5: Validated probabilities in the protocol model 



6  IEEE 802.11p Broadcast Model for Infinite1-D Network with Hidden 
Stations 

80 

 

This proves the correctness of the developed model. In subplot (a), i.e. with 
𝐶𝑊𝑚𝑖𝑛 = 3, slight deviations between curves of the simulated and the analytical 
results are noticeable, when the offered traffic load 𝜆𝐹  is between 100 [frame/s] 
and 1000 [frame/s]. Actually, this is an impact of the small contention window 
size and the effect is more obvious, when we discuss the time metrics in the next 
section. Furthermore, Section 6.7.4 provides more insights into this effect.  

In all subplots of Figure 6.5, the values of 𝜏 , 𝜂, and 𝜌 monotonically increase 
with increased value of 𝜆𝐹  until the value of the system utilization factor 𝜌 
reaches 1, which corresponds to the saturation point in the offered traffic load. 
Under the saturated condition the performance of the system is no longer 
dependent on the offered traffic load. Our model developed in Section 6.6.2.1 
successfully detects the saturation point and describes the system performance 
under both unsaturated and saturated conditions. As shown in Figure 6.5, the 
larger the contention window size is, the earlier the system reaches saturation. 

The probability 𝑝𝐼  that a station senses the channel as idle in a non-TX 
protocol slot decreases with increased 𝜆𝐹  value. If the value of 𝑝𝐼  reduces to 
zero, the system reaches the synchronization point, as discussed in Section 
5.6.2.2. As shown in Figure 6.5(c) and Figure 6.5(d), a larger 𝐶𝑊𝑚𝑖𝑛  value can 
prevent the system from reaching the synchronization point.  

6.7.2 Time Metrics in the Protocol Model 

Figure 6.6 shows the time metrics of interest in the protocol model including 
𝑇𝐵𝑃           , 𝑇𝑁𝑇𝑃             , 𝐷𝑆        , and 𝑇𝑅𝑋𝑃              , whose analytical values are calculated from 
Eqs.(6.18) (6.16) (6.25) and (5.35), respectively. The close match of simulated 
and analytical results in subplots (b), (c), and (d) with relatively large 
contention window size 𝐶𝑊𝑚𝑖𝑛  proves the correctness of our model in 
calculating the time metrics. As mentioned in the previous section, noticeable 
deviations between the analytical results and the simulated results exist in 
curves for all time metrics in subplot Figure 6.6(a), when the offered traffic load 
𝜆𝐹  is between 100 [frame/s] and 1000 [frame/s]. We will discuss this effect in 
Section 6.7.4. Though there is noticeable deviation between the analytical and 
the simulated curves when the value of 𝐶𝑊𝑚𝑖𝑛  is small, the analytical curves 
correctly follow the trend of the simulated curves and provide good 
approximation to the simulated results. 
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 Comparing subplots Figure 6.6(a)  to Figure 6.6(d), one can see that a 
larger contention window size 𝐶𝑊𝑚𝑖𝑛  results in a longer mean MAC layer 
service time 𝐷𝑆        . However, the values of the mean duration of busy protocol slot 
𝑇𝐵𝑃           , the mean duration of non-TX protocol slot 𝑇𝑁𝑇𝑃             , and the mean duration 
between consecutive reception events 𝑇𝑅𝑋𝑃               at a station are not affected by the 
value of 𝐶𝑊𝑚𝑖𝑛  before the offered traffic load reaches the corresponding 
saturation point in each subplot. Beyond the saturation point in the offered 
traffic load, the values of all time metrics stay at their values at the saturation 
point, which is different for different value of 𝐶𝑊𝑚𝑖𝑛 . It is worth mentioning 
that in a given hidden station scenario and under an unsaturated traffic load, 
time metrics such as 𝑇𝐵𝑃           , 𝑇𝑁𝑇𝑃             , and 𝑇𝑅𝑋𝑃              , from a station's point of view, are 

 

Figure 6.6: Time metrics in the protocol model 
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𝐶𝑊𝑚𝑖𝑛 -independent, whereas the delay performance such as 𝐷𝑆        , from a frame's 
point of view,  is 𝐶𝑊𝑚𝑖𝑛 -dependent. The 𝐶𝑊𝑚𝑖𝑛 -independent performance of 
𝑇𝐵𝑃           , 𝑇𝑁𝑇𝑃             , and 𝑇𝑅𝑋𝑃               under unsaturated traffic load is explained by the 
statistically identical converged channel access probability 𝑝𝑡𝑥 , which is only 
determined by the traffic load and independent from a specific protocol, as far as 
the system is not saturated. The 𝐶𝑊𝑚𝑖𝑛 -dependent performance of 𝐷𝑆         is due to 
the relation between the mean number 𝐾 of non-TX protocol slots experienced 
by a frame before it is transmitted at the MAC layer and the value of 𝐶𝑊𝑚𝑖𝑛 , 
given the value of 𝑇𝑁𝑇𝑃              is independent from 𝐶𝑊𝑚𝑖𝑛  under an unsaturated 
traffic load. 

An interesting observation in subplot Figure 6.6(a) is the peak in the curve 
of 𝐷𝑆         before the value of 𝜆𝐹  reaches the saturation point, beyond which the 
curve stays flat. This is because with relatively small 𝐶𝑊𝑚𝑖𝑛  values the shape of 
the 𝑇𝐵𝑃            curve is convex and its peak value is reached before the value of 𝜆𝐹  
reaches the saturation point. The convex shape of the 𝑇𝐵𝑃            curve is a result from 
the convex shape of 𝑇𝑅𝐵            in the hidden station model, see Section 5.6.2.3. 

Figure 6.7 shows the performance of the mean duration between two 
consecutive transmitting events at a station 𝑇𝑇𝑋𝑃               with different 𝐶𝑊𝑚𝑖𝑛  values. 
See Eq.(5.28) in Section 5.5.2. It can be seen that under an unsaturated traffic 
load 𝑇𝑇𝑋𝑃               is 𝐶𝑊𝑚𝑖𝑛 -independent, as it is a time metric measured from a 
station's point of view.  

 

Figure 6.7: Mean length of transmission period 
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6.7.3 Probability of Interference-Free Reception Burst and System 
Goodput 

The results of probability 𝑝𝐼𝐹  of interference-free reception burst, see 
Eq.(5.48), and the system goodput 𝐺, see Eq.(5.50), are shown in Figure 6.8. 
The accuracy of our model is confirmed by the close match between the 
simulated and the analytical curves in subplots Figure 6.8(b), Figure 6.8(c), and 
Figure 6.8(d). Still, the impact of the small value of  𝐶𝑊𝑚𝑖𝑛  can be observed in 
subplot Figure 6.8(a), which will be discussed in Section 6.7.4.  

Under unsaturated traffic load, the performance of 𝑝𝐼𝐹  and 𝐺 follows the 
same rules as discussed in Section 5.6.2.4 and Section 5.6.2.5 for the hidden 

 

Figure 6.8: Probability of interference-free reception burst and system 
goodput 
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station model. Once the offered traffic load exceeds the saturation point, 𝑝𝐼𝐹  
and 𝐺 stay constant at their value at the saturation point of the offered traffic 
load.  

As metrics measured from the viewpoint of a station, 𝑝𝐼𝐹  and 𝐺 are 𝐶𝑊𝑚𝑖𝑛 -
independent under an unsaturated traffic load, as discussed in the previous 
section. 

The conditional distribution of the topological distance 𝑑𝑅𝑋  between the 
receiver and the transmitter of a received frame, given the frame is received 
interference-free, is shown in Figure 6.9. The distribution is evaluated for an 
unsaturated system at 𝜆𝐹 = 20 [frame/s] and 𝜆𝐹 = 60 [frame/s], as well as for a 
saturated system at 𝜆𝐹 = 300 [frame/s], with two different setting of 𝐶𝑊𝑚𝑖𝑛 , as 
shown in the titles of subplots Figure 6.9(a) and Figure 6.9(b), respectively.  

The conditional distribution of 𝑑𝑅𝑋  that is given by Eq.(5.49) follows the 
same rules as discussed in Section 5.6.2.4, given that a higher traffic load value 
leads to a higher value of 𝜏 , i.e. 𝑝𝑡𝑥 , in an unsaturated situation. By comparing 
the analytical results in Figure 6.9(a) with Figure 6.9(b), one can see, under an 
unsaturated traffic load, e.g. 𝜆𝐹 = 20 or 𝜆𝐹 = 60, the distribution of 𝑑𝑅𝑋  is 
𝐶𝑊𝑚𝑖𝑛 -independent. The difference between the simulated results of 𝜆𝐹 = 60 in 
Figure 6.9(a) with Figure 6.9(b) are attributed to the impact of the relatively 
small value of 𝐶𝑊𝑚𝑖𝑛 = 15, which is the root of the inaccuracy of analytical 

 

Figure 6.9: Distribution of dRX conditioned on a received frame is 
interference-free 
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results, as discussed in the next section. The difference in the distribution of 
𝑑𝑅𝑋  under a saturated traffic load, i.e. 𝜆𝐹 = 300 [frame/s], in subplots (a) and 
(b) is the result from the different values of saturation point in 𝜆𝐹 , which are in 
turn due to the different values of 𝐶𝑊𝑚𝑖𝑛  in these two scenarios. 

6.7.4 Impact of Small Contention Window Size of IEEE 802.11 DCF on 
Stationarity of Conditional Channel Access Probability of CSMA 

As discovered in the previous sections deviation between simulated and 
analytical results are relatively large for all performance metrics if the contention 
window size 𝐶𝑊𝑚𝑖𝑛  is small, e.g. 𝐶𝑊𝑚𝑖𝑛 = 3 as shown in Figure 6.6(a). In this 
case, the analytical results provide a lower bound of the system performance, as 
shown in Figure 6.8(a) for 𝑝𝐹𝐼𝐹  and 𝐺. 

This effect can be explained by taking a closer look into the simulated 
transition probabilities from state 𝑉(𝐿 ,𝑛)  to state 𝐵(𝐿−𝑛 ,1), 1 ≤ 𝑛 ≤ 𝐿 − 1 and 

from state 𝑉(𝐿 ,𝐿) to state 𝑉(𝐿 ,1) in the time-domain Markov chain of the hidden 

station model, see Figure 5.4. In our model, these transition probabilities are 
assumed to be a fixed value 𝑝𝐵 |𝑉

′  due to the basic assumption of stationary 

channel access probability, see Section 5.2.2.2. However, under an unsaturated 
traffic load and with a small 𝐶𝑊𝑚𝑖𝑛  value (relative to the frame size 𝐿, both 

 

Figure 6.10: Impact of CWmin on stationary transition probabilities in the 
hidden station model 
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counted in 𝜎), this does not hold any more. Figure 6.10 shows the simulated 
value of the transition probabilities from state 𝑉(𝐿 ,𝑛) to state 𝐵(𝐿−𝑛 ,1), 1 ≤ 𝑛 ≤

𝐿 − 1 and from state 𝑉(𝐿 ,𝐿) to state 𝑉(𝐿 ,1) compared to the analytical value of 

𝑝𝐵 |𝑉
′  at two selected traffic load values and with two 𝐶𝑊𝑚𝑖𝑛  values, as given in 

the title and the legend of each subplot. Note, in Figure 6.10, the value 𝑛 = 𝐿 
represents the transition probably from state 𝑉(𝐿 ,𝐿) to state 𝑉(𝐿 ,1) of the time-

domain Markov chain shown in Figure 5.4. It can be seen that the transition 
probabilities are correctly modeled by a single fixed  𝑝𝐵 |𝑉

′  value for all values of 

𝑛, when the value of 𝐶𝑊𝑚𝑖𝑛  is large. See Figure 6.10(b). However, the model is 
not able to represents the transition probabilities with a single fixed value 𝑝𝐵 |𝑉

′ , 

if the value of 𝐶𝑊𝑚𝑖𝑛  is small, as these transition probabilities are no more 
constant at different value of 𝑛, as shown in Figure 6.10(a). An explanation to 
the concave shape of the transition probability curve in Figure 6.10(a) is the 
strong memory property of the channel access probability in consecutive non-TX 
protocol slots due to the small contention window size. This, within the duration 
of a frame length 𝐿, violates the basic assumption of stationary channel access 
probability. In contrast, if the contention window size is larger than the frame 
length 𝐿, we can still assume the channel access probability is stationary within 
a frame length 𝐿. 

Another finding is the conditional probability that a station senses the 

 

Figure 6.11: Backoff dependent channel busy probability under unsaturated 
traffic load 
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channel as busy in a non-TX protocol slot, i.e. the value of (1− 𝑝𝐼 ), is backoff 
state-dependent under unsaturated traffic load. Figure 6.11 shows the simulated 
value of  (1− 𝑝𝐼 ) at each backoff state  𝑗, 𝑘 ,−1 ≤ 𝑗 ≤ 0, 0 ≤ 𝑘 ≤ 𝐶𝑊𝑚𝑖𝑛 − 1 of 
the protocol model, as shown in Figure 6.2. A significantly lower (1− 𝑝𝐼 ) value 
at the post-backoff state {−1,0} is observed compared to other backoff states in 
subplot Figure 6.11(a) with a small 𝐶𝑊𝑚𝑖𝑛  value 3. The same but less obvious 
effect is also observed in Figure 6.11(b) with a large 𝐶𝑊𝑚𝑖𝑛  value 63. This 
suggests that in a hidden station scenario and under an unsaturated traffic 
condition, the channel state sensed at a station is backoff state dependent and 
the assumption of backoff independent channel state is inaccurate in this case. 
This also affects the accuracy of our model in unsaturated situations. Related to 
this fact, one interesting phenomenon is that the transition of backoff states is 
"faster" when the station is in post-backoff state {−1,0} than in other states and 
stations in mutual channel sensing range tend to being busy in a "burst" mode 
under unsaturated traffic load. 

6.8 Summary 

Performance of 1-D IEEE 802.11p network with hidden stations is model by 
coupling the hidden station model from Chapter 5 and the protocol model 
developed in this chapter. From the viewpoint of a station, for the given 𝐿 and 
𝑅, the converged conditional channel access probability 𝑝𝑡𝑥  in the hidden station 
model determines the capability of the system in serving frames, whereas for a 
system of certain capability 𝐶𝑊𝑚𝑖𝑛  and 𝜆𝐹  in the protocol model determine the 
conditional transmission probability 𝜏 . The crucial point in this model is the 
relation between 𝑝𝑡𝑥  in the hidden station model and 𝜏  in the protocol model. 
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CHAPTER 7 

 
7 Analysis of Cooperative Awareness Service in IEEE 802.11p Network  

Analysis of Cooperative Awareness Service in 
IEEE 802.11p Network 

7.1 Introduction to Cooperative Awareness Messages 
(CAMs) for Vehicular Safety Applications 

As defined in standard ETSI EN 302 637-2 [1]: "CAMs are messages 
exchanged in the Intelligent Transport Systems (ITS) network between ITS-
stations to create and maintain awareness of each other and to support 
cooperative performance of vehicles using the road network." CAMs carry timely 
status and attribute information, e.g. position, speed, and heading, from the 
originating station and serve as the basis of many vehicular safety services, e.g. 
the Cooperative Awareness Service (CAS), through which each vehicle tracks 
the status of the surrounding vehicles. According to the standard, CAMs are 
periodically broadcasted at each station with a frequency between 1 [Hz] and 
10 [Hz] [1]. 

As a CAM carries the up-to-date information of the transmitting station, 
there is no need to keep any old frame, if a new CAM frame with updated 
information arrives at the MAC layer queue. Therefore, a new CAM frame 
always overwrites the old one in the queue. [7] 

The MAC layer performance of CAS through CAMs can be evaluated using 
the CAM update interval 𝑇𝑈𝐼  at a receiver. 𝑇𝑈𝐼  is defined as the time between 
two consecutive receptions of interference-free CAM frames from the same 
transmitter. Particularly, we define 𝑇𝑈𝐼  𝑑𝑅𝑋   to be the update interval of CAM 
frames from the transmitter having a distance 𝑑𝑅𝑋  to the receiver. Another 
performance metric of CAM, from a frame's point of view, is the frame 
interference-free probability 𝑝𝐹𝐼𝐹  𝑑𝑅𝑋  . 𝑝𝐹𝐼𝐹  𝑑𝑅𝑋   is defined as the probability 
that a CAM frame, which is transmitted by a station having a distance 𝑑𝑅𝑋  to 
the receiver, is received without being interfered. Though both are evaluated at 
the receiver, 𝑝𝐹𝐼𝐹  is different from the interference-free probability 𝑝𝐼𝐹  of a 
reception burst defined in Section 5.6.2.4: 𝑝𝐼𝐹  is the probability that a reception 
burst, which consists of one or multiple overlapped frames, is free from any 
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interference, whereas 𝑝𝐹𝐼𝐹  is the interference-free probability evaluated for a 
received frame. 

In this chapter, the IEEE 802.11p broadcast model developed in Chapter 6 is 
adapted to the CAM broadcast. Both 𝑇𝑈𝐼  𝑑𝑅𝑋   and 𝑝𝐹𝐼𝐹  𝑑𝑅𝑋  , with 𝑑𝑅𝑋  being 
less than the channel sensing range 𝑟, are studied in a linear network topology 
with respect to the density of stations, the size of the CAM frame, and the 
stations' information update frequency. Furthermore, control mechanisms to 
reach the optimal value of 𝑇𝑈𝐼  𝑑𝑅𝑋   and 𝑝𝐹𝐼𝐹  𝑑𝑅𝑋   in a given scenario, e.g. 
through transmit power control, transmit data rate control, and information 
update frequency control are also discussed using the developed analytical tool. 

7.2 Assumptions for Analyzing CAM in Hidden Station 
Scenarios 

In this analysis, we adopt all assumptions given in Chapter 3, Chapter 4, 
and Section 6.3 except for the one of the infinite MAC layer queue length at 
each station made in Section 6.3. Instead, for the CAM broadcast we assume 
each station has a MAC layer queue length of 1. In our model, when a CAM 
frame arrives at a non-empty queue, it overwrites the old frame in the queue 
without any delay and without changing the queue length.   

7.3 Analytical Model of CAM Broadcast in IEEE 802.11p 
Network 

7.3.1 IEEE 802.11p Broadcast Model with Queue Length of 1 

In principle, changing the queue length from infinite to one does not change 
the way CSMA stations interact with each other in a hidden station scenario, 
nor does this change affect the backoff procedure of the IEEE 802.11 DCF. 
Therefore, the hidden station model and the protocol model developed in 
previous chapters are applicable to the CAM broadcast. The effect of the fixed 
MAC layer queue length 1 is modeled by imposing the value of 𝜂, which is the 
probability that at least one frame is in the queue at the end of a TX protocol 
slot (see Section 6.5), to: 

𝜂 = 1− 𝑒−𝜆𝐹 ⋅𝑇𝜎      (7.1) 
 

Where, 𝜆𝐹  is the mean frame arrival rate, which equals the information update 
frequency of CAS here, and 𝑇𝜎  is the duration of an IEEE 802.11 DCF backoff 
slot time, as introduced in Section 6.3.  
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Eq.(7.1) is based on the fact that with a fixed queue length 1 the value of 𝜂 
equals the probability that at least one frame arrives in the backoff time slot 𝑇𝜎  
that follows the frame transmission in the TX protocol slot. See Figure 6.1 for 
the definition of the TX protocol slot. Besides, as shown in Figure 6.2, 𝜂 is also 
the probability that at the end of a TX protocol slot the backoff entity transits 
from state  0,0  to any backoff state  𝑗, 𝑘 , 𝑗 = 0, 0 ≤ 𝑘 ≤ 𝑊 − 2. 

According to Eq.(7.1), with the fixed queue length 1 the value of 𝜂 reaches 1 
only when 𝜆𝐹 =∞, i.e. the system reaches saturation only at an infinite frame 
arrival rate because frames that arrive when the queue is not empty do not 
contribute to the traffic load of the system. Due to this constraint Eq.(6.37) for 
calculating the system utilization factor is not valid anymore. Instead, we are 
able to solve for the value of 𝜏  using the equation system consisting of Eq.(6.8) 
and Eq.(7.1), where other unknowns 𝑞𝑁𝑇𝑃 , 𝑞𝐵 , 𝑞𝐼 , and 𝑝𝐼  are functions of 𝜏  
(ruled by the hidden station model) and where the known parameters are 𝐿, 𝑅, 
𝐶𝑊𝑚𝑖𝑛 , and 𝜆𝐹 . 

Figure 7.1 shows two example solutions of the CAM broadcast model. 
Parameter settings of each calculation are given in the title of the corresponding 
sub-plot. As indicated in each sub-plot of Figure 7.1, the solution is found when 
the calculated value of 𝜏  from Eq.(6.8) intersects the value of 𝜏  as the input 
parameter to the hidden station model. Sub-plots Figure 7.1(b) and Figure 
7.1(d) provide details close to the solution in Figure 7.1(a) and Figure 7.1(c), 
respectively. 

7.3.2 Mean CAM Update Interval within Channel Sensing Range r 

By definition the value of CAM update interval 𝑇𝑈𝐼  𝑑𝑅𝑋  , for 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅, 
is measured as the time between two consecutive interference-free reception 
bursts from the same transmitter. Therefore, the mean value of 𝑇𝑈𝐼  𝑑𝑅𝑋   at a 
receiver is calculated using 𝑇𝑅𝑋𝑃              , the mean length of reception period, 𝑝𝐼𝐹 , the 
mean interference-free probability of a reception burst, and 𝑓𝑑𝑅𝑋 |𝐼𝐹 , the 

conditional distribution of 𝑑𝑅𝑋  given a reception burst is free from interference: 

𝑇𝑈𝐼 (𝑘)
                = 2 ⋅  

1

𝑇𝑅𝑋𝑃              
⋅ 𝑝𝐼𝐹 ⋅ 𝑓𝑑𝑅𝑋 |𝐼𝐹  𝑘  

−1

  , 1 ≤ 𝑘 ≤ 𝑅      (7.2) 

 

Where, 𝑇𝑅𝑋𝑃              , 𝑝𝐼𝐹 , and 𝑓𝑑𝑅𝑋 |𝐼𝐹  are given in Eq.(5.35), Eq.(5.48), and Eq.(5.49) 

from the hidden station model, respectively. The factor 2 in the right part of 
Eq.(7.2) is introduced because the calculation of 𝑇𝑅𝑋𝑃               in Eq.(5.35) does not 
differentiate frames received from the left-side and from the right-side of the 
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station. According to the assumption of the homogeneous behavior of all stations 
in Section 4.1, the value of 𝑇𝑈𝐼 (𝑑𝑅𝑋 )                         for stations at the left-side and at the 
right-side of the receiver shall be equal, given a certain 𝑑𝑅𝑋  value in 1 ≤ 𝑑𝑅𝑋 ≤
𝑅. 

7.3.3 Interference-Free Probability of Received Frame 

The mean CAM update interval 𝑇𝑈𝐼 (𝑑𝑅𝑋 )                        , 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅 , can also be 
calculated from a frame's point of view using the mean length of transmission 
period 𝑇𝑇𝑋𝑃               at the sender, the conditional probability 𝑝𝐴𝑆𝑌𝑁𝐶  𝑑𝑅𝑋  , 1 ≤ 𝑑𝑅𝑋 ≤
𝑅, that the transmission has not collided with the transmission from the station 
at distance 𝑑𝑅𝑋 , and the conditional frame interference-free probability 
𝑝𝐹𝐼𝐹  𝑑𝑅𝑋  , at the receiver at 𝑑𝑅𝑋 : 

 

Figure 7.1: Example solutions of CAM broadcast model 
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𝑇𝑈𝐼  𝑑𝑅𝑋  
                        =  

1

𝑇𝑇𝑋𝑃              
⋅ 𝑝𝐴𝑆𝑌𝑁𝐶  𝑑𝑅𝑋  ⋅ 𝑝𝐹𝐼𝐹  𝑑𝑅𝑋   

−1

, 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅     (7.3) 

 

Where, 𝑇𝑇𝑋𝑃               is given in Eq.(5.28), and 𝑝
𝐴𝑆𝑌𝑁𝐶

 𝑑𝑅𝑋  is calculated as the 

probability that the station at 𝑑𝑅𝑋  does not start transmit in the next time slot 
conditioned on the concerned station starts transmit in the next time slot. As 
explained in the hidden station model, the distribution of the interference free 
area 𝑑𝐹  follows a geometric distribution with parameter 𝑝𝑂 ,𝐹 . See Section 5.3.1. 

The probability that the station at 𝑑𝑅𝑋  starts transmit in the next time slot 
conditioned on the concerned station also starts transmit in the next time slot is 
 1− 𝑝𝑂 ,𝐹  

𝑑𝑅𝑋 ⋅ 𝑝𝑡𝑥 , where 𝑝𝑡𝑥  is the conditional channel access probability of a 

station and equals to the transmission probability 𝜏  in the protocol model. See 
Eq.(6.11). Therefore,  

𝑝
𝐴𝑆𝑌𝑁𝐶

 𝑑𝑅𝑋 = 1−  1− 𝑝
𝑂,𝐹
 
𝑑𝑅𝑋 ⋅ 𝑝

𝑡𝑥
     (7.4) 

 

Given 𝑇𝑈𝐼 (𝑑𝑅𝑋 )                        , 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅,  is solved by Eq.(7.2), we get the frame 
interference-free probability 𝑝𝐹𝐼𝐹  by rewriting Eq.(7.3) as follows: 

𝑝𝐹𝐼𝐹  𝑑𝑅𝑋  =
𝑇𝑇𝑋𝑃              

𝑇𝑈𝐼  𝑑𝑇𝑋  
                       ⋅ 𝑝𝐴𝑆𝑌𝑁𝐶  𝑑𝑅𝑋  

   , 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅     (7.5) 

 

Note, the factor 2 in Eq.(7.2) does not exists in Eq.(7.3) and Eq.(7.5), 
because 𝑑𝑅𝑋  can only be on either the left-side or the right-side of the concerned 
station in the calculation of 𝑇𝑇𝑋𝑃              ,  𝑝

𝐴𝑆𝑌𝑁𝐶
 𝑑𝑅𝑋 , and 𝑇𝑈𝐼  𝑑𝑅𝑋  

                        , the last of 

which is clarified by Eq.(7.2). 

7.4 Model validation 

Similar to the IEEE 802.11p broadcast model, the CAM broadcast model is 
also checked against the simulation results in terms of essential probabilities, 
time metrics, the reliability performance, and the goodput performance of the 
system. Additionally, the analytical results of the CAM update interval 
𝑇𝑈𝐼 (𝑑𝑅𝑋 )                        , 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅,  and the frame interference-free probability 
𝑝𝐹𝐼𝐹  𝑑𝑅𝑋  , 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅, developed in the previous sections are also compared 
to the simulation results.  

The simulation scenario is a six-lane straight highway with periodic 
boundary conditions, as shown in Figure 7.2. This highway section consists of 
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three lanes in each direction and a median strip separating opposing lanes of 
traffic. As marked in Figure 7.2, the width of individual lane and the median 
strip are 5 [m] and 2 [m], respectively. Vehicles' location in the scenario is a 
static snapshot of the simulated flow-free traffic using the microscopic car-
following Intelligent Driver Model (IDM) from [27]. The details about IDM and 
the traffic simulation are given in Appendix E. Table 7.1 summarizes the 
characteristics of the simulated network. 

Table 7.1: Characteristics of the vehicular network in straight highway 
scenario 

Characteristics Value 
Number of vehicles 800 
Number of hidden station units 616 
Vehicle density (𝛽) 0.11 [vehicle/m] 
Channel sensing range (𝑟) 184.60 [m] 
Mean number of vehicles in one 
hidden station unit (𝑁𝐻         ) 

1.30 

Mean number of vehicles in one side 
channel sensing range (𝑅′       )  

20.75 

Mean number of hidden station units 
in one side channel sensing range (𝑅    )  

15.98 

 

In Table 7.1 the number of vehicles and the number of hidden station units 
are not equal and the value of 𝑁𝐻          is greater than 1. This is particular for the 
multi-lane highway scenario, where two or more vehicles may have identical 
clear-set because they are closely located in the x-coordinate but on different 
lanes, e.g. vehicle A and vehicle B in Figure 7.2. For the same reason, the 
number of vehicles 𝑅′ in one side channel sensing range is not exactly the 
number of hidden station units 𝑅 in the analytical model. This violates the 
assumption of 𝑁𝐻 = 1 introduced in Section 4.1 for deriving the analytical 

 

Figure 7.2: Highway scenario for validating CAM model 

... ...

5 m

2 m
r

rr

r

Periodic boundary 

conditions

Periodic boundary 

conditions

W→E

W←E

EW1

EW2

EW3

WE3

WE2

WE1

x

lane

r
r

A

B



7.4  Model validation 

95 

 

model. However, results shown in Section 7.4.1 to Section 7.4.5 indicate the 
effect from this violation is minor and the accuracy of the analytical results 
derived using  𝑅      is acceptable for the given parameter values in Table 7.1. 

Protocol settings in the validation are identical to Section 6.7, except that 
the length of the MAC layer queue is set to 1 for simulating the CAM 
broadcast. 

7.4.1 Essential Probabilities 

Figure 7.3 shows the validated analytical results of essential probabilities 𝜏 , 
𝜂, 𝜌 and 𝑝𝐼  in the model, which are obtained using Eq.(6.8), Eq.(7.1), Eq.(6.38), 
and Eq.(6.17), respectively. Results from two scenarios are presented in the sub-
plots Figure 7.3(a) and Figure 7.3(c), respectively, where the simulation settings 
are shown in the title of each sub-plot. Sub-plots Figure 7.3(b) and Figure 7.3(d) 

 

Figure 7.3: Validated probabilities in the CAM broadcast model 
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provides details about the results of 𝜏  and 𝜂 in Figure 7.3(a) and Figure 7.3(c), 
respectively. 

As shown in Figure 7.3 the analytical curves closely match the simulated 
curves in both scenarios, except for the ones of the conditional probability 𝑝𝐼  of 
channel idle, which are less accurate owing to the value of 𝑁𝐻          that is greater 
than 1 in the highway scenario. When a hidden station unit consists of more 
than one stations, the value of 𝑝𝐼  at each station are reduced due to 
transmissions by other stations in the same hidden station unit. This deviation 
becomes larger when the value of the conditional transmission probability 𝜏  
increases at each station, as shown in Figure 7.3(a) and Figure 7.3(c). 

The value of the system utilization factor 𝜌 increases with the increased 
value of 𝜆𝐹 , as shown in Figure 7.3, but the value of 𝜌 can never reach 1, as 
discussed in Section 7.3.1. Owing to the same reason, the value of the 
transmission probability 𝜏  in the protocol model asymptotically approaches 
2/(𝐶𝑊𝑚𝑖𝑛 + 1)  with increased value of 𝜆𝐹 . 

Comparing the sub-plots of Figure 7.3 at the upper part to those at the 
lower part, one can see steeper curves of 𝜏 , 𝜌, and 𝑝𝐼  with the larger frame size 
𝐿 = 64, but identical 𝜂 curves of both frame sizes. This is because, at the same 
𝜆𝐹  value the larger the frame size is, the higher the traffic load is, which results 
in a higher value of 𝜌 and 𝜏 , as well as a lower value of 𝑝𝐼 . However, according 
to Eq.(7.1) the value of 𝜂 depends only on the value of 𝜆𝐹 . This is a unique 
property of the CAM model due to the queue length of 1. 

7.4.2 Time Metrics 

The analytical and simulated results of time metrics in the CAM broadcast 
model are shown in Figure 7.4, where scenario settings are identical to Section 
7.4.1. 

Time metrics 𝑇𝐵𝑃           , 𝑇𝑁𝑇𝑃             , 𝐷𝑆        , and 𝑇𝑅𝑋𝑃               are derived using Eq.(6.18), 
Eq.(6.16), Eq.(6.25), and Eq.(5.35) from the IEEE 802.11p protocol model and 
the hidden station model, respectively. The closely matched analytical and 
simulated curves of each metric prove the correctness of the protocol model and 
the hidden station model in modeling CAM broadcast. The only exception is the 
curves of the MAC layer service time 𝐷𝑆        , where the simulated values are higher 
than the analytical ones, especially when the value of 𝜆𝐹  goes higher. This is 
explained by the value of 𝑁𝐻          greater than 1 in the highway scenario, which 
implies that the capacity of the system is shared by stations belonging to one 
hidden station unit. This results in a larger service time at each station 
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compared to the case of 𝑁𝐻 = 1. For the same reason, the simulated values of 
𝑇𝑁𝑇𝑃              are higher than the analytical values calculated using 𝑁𝐻 = 1. 

In Figure 7.4 one observes, for a given 𝜆𝐹  value, roughly doubled value of all 
time metrics in sub-plots Figure 7.4(c) and Figure 7.4(d) for frame size 𝐿 = 64 
compared with those in sub-plots Figure 7.4(a) and Figure 7.4(b) for frame size 
𝐿 = 32. From this we see the time metrics in CAM broadcast are sensitive to 
the frame size 𝐿. 

7.4.3 Reliability Performance and System Goodput 

The analytical and simulated results of the interference-free probability 𝑝𝐼𝐹  
of a reception burst, which is given by Eq.(5.48), and the system goodput 𝐺 of 
the CAM broadcast, which is given by Eq.(5.50), are shown in Figure 7.5. These 

 

Figure 7.4: Time metrics of the CAM broadcast model 
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results are from the same scenarios used in Section 7.4.1. The analytical results 
match well the simulated ones in both scenarios.  

Comparison between sub-plot Figure 7.5(a) and sub-plot Figure 7.5(b) 
reveals the impact of the frame size on the reliability and goodput performance: 
The optimal value of 𝐺 is the same, about 0.39 in this case, of both frame sizes. 
In sub-plot Figure 7.5(b), with the doubled frame size, the same 𝑝𝐼𝐹  and 𝐺 
performance is reached with a roughly halved 𝜆𝐹  value, comparing with sub-plot 
Figure 7.5(a). This implies that the value of 𝑝𝐼𝐹  and 𝐺 of CAM broadcast 
depends on the system traffic load, whose value is in turn proportional to 
 𝐿 ⋅ 𝜆𝐹  .  

7.4.4 Mean CAM Update Interval at dRX  

Calculation of 𝑇𝑈𝐼 (𝑑𝑅𝑋 )                        , 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅, using Eq.(7.2) is validated against 
the simulated results, as shown in Figure 7.6. For investigating the mean CAM 
update interval at different 𝑑𝑅𝑋  value, three different values of 𝜆𝐹  are chosen 
from each of the two simulation scenarios used in Section 7.4.1. The scenario 
settings are given in the title of each sub-plot of Figure 7.6, and the selected 
values of 𝜆𝐹  are shown in the legend of each curve. 

In both scenarios, the analytical curves and the simulated curves are close to 
each other, except for the relatively large deviation between the analytical curve 

 

Figure 7.5: Reliability performance and system goodput of the CAM 
broadcast 
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and the simulated curve of 𝐿 = 64 and 𝜆𝐹 = 60 [frame/s] at 𝑑𝑅𝑋 ≥ 8, which is 
also related to the impact of 𝑁𝐻         > 1.  

In both scenarios, with a low value of the frame arrival rate 𝜆𝐹 , e.g. 𝜆𝐹 =
10 [frame/s], the value of the CAM update interval 𝑇𝑈𝐼 (𝑑𝑅𝑋 )                         increases much 
slower along with increased value of 𝑑𝑅𝑋 , compared to the curves for higher 
values of 𝜆𝐹 , e.g. 𝜆𝐹 = 40 [frame/s] and 𝜆𝐹 = 60 [frame/s]. The value of 𝑇𝑈𝐼  1 

                 
at 𝑑𝑅𝑋 = 1  with 𝜆𝐹 = 10  [frame/s] is much larger than that with 𝜆𝐹 =
40 [frame/s] and 𝜆𝐹 = 60 [frame/s]. The large 𝑇𝑈𝐼  1 

                 value at a low 𝜆𝐹  value is 
attributed to the 𝑇𝑅𝑋𝑃               in Eq.(7.2), which becomes large when there are less 
transmission events under a low value of 𝜆𝐹 . The steep curve of  𝑇𝑈𝐼 (𝑑𝑅𝑋 )                         at a 
high 𝜆𝐹  value is due to the 𝑓𝑑𝑅𝑋 |𝐼𝐹  𝑘  part in Eq.(7.2), which becomes severely 

unbalanced in favor of a lower 𝑑𝑅𝑋  value, as shown in Figure 6.9. This result 
suggests that in a hidden station scenario, a receiver having closer distance to 
the transmitter has higher probability of receiving an interference-free frame 
compared to a receiver that is located farther away. And this trend becomes 
more obvious, when the traffic load at each station increases. It is worth 
mentioning that in a homogenous system, as studied here, this effect unbiasedly 
applies to every station as a CAM transmitter and all its neighbors as receivers. 

As analyzed in Section 7.4.2, time metrics in the CAM broadcast are 
sensitive to the frame size. This explains the generally worse 𝑇𝑈𝐼 (𝑑𝑅𝑋 )                         

 

Figure 7.6: Mean CAM update interval E[TUI(dRX)]  



7  Analysis of Cooperative Awareness Service in IEEE 802.11p Network 

100 

 

performance with a larger frame size 𝐿 = 64 in Figure 7.6(b), compared to 
Figure 7.6(a), where 𝐿 = 32. 

7.4.5 Interference-Free Probability pFIF of Received Frame at dRX   

Figure 7.7 presents the calculation results of 𝑝𝐹𝐼𝐹  𝑑𝑅𝑋  , 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅 from 
Eq.(7.5) and simulated results from the same scenarios used in Section 7.4.1. 
Similar to the validation of 𝑇𝑈𝐼 (𝑑𝑅𝑋 )                        , three 𝜆𝐹  values are chosen in each 
scenario to validate the calculation of 𝑝𝐹𝐼𝐹  𝑑𝑅𝑋  . As shown in Figure 7.7, the 
analytical solutions are validated by the close match of analytical and simulated 
results.  

𝑝𝐹𝐼𝐹  𝑑𝑅𝑋   for frame size 𝐿 = 32 is higher than that for frame size 𝐿 = 64. 
See Figure 7.7(a) and Figure 7.7(b). Results presented in Figure 7.7 confirm our 
expectation that a frame has a higher probability of being received interference-
free at a closer receiver compared to a farther away receiver. Besides, at all 𝑑𝑅𝑋  
values the higher the traffic load at each station is, the lower the value of 
𝑝𝐹𝐼𝐹  𝑑𝑅𝑋   becomes. 

7.5 Performance Evaluation and Optimization of CAM 
Broadcast in IEEE 802.11p Network 

In this section, the performance of the CAM broadcast in IEEE 802.11p 

 

Figure 7.7: Interference-free probability pFIF of received frame at dRX  
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vehicular ad-hoc networks is evaluated using the developed CAM broadcast 
model. 

Keeping the cooperative awareness service (CAS) in mind, we choose the 
value of CAM update interval 𝑇𝑈𝐼 (𝑑𝑅𝑋 )                         at 𝑑𝑅𝑋 = 8 and the maximum possible 
value of 𝑑𝑅𝑋  in each scenario as the performance metric. This is because, on the 
one hand, the results in Figure 7.6 show a monotonically decreasing performance 
of 𝑇𝑈𝐼 (𝑑𝑅𝑋 )                         with increased value of 𝑑𝑅𝑋 , on the other hand, for safety services 
information from a vehicle that is in the close vicinity of a receiver, i.e. with a 
low value of 𝑑𝑅𝑋 , is far more important than that from a vehicle that is located 
farther away, i.e. with a high value of 𝑑𝑅𝑋 . In a highway scenario, the value 
𝑑𝑅𝑋 = 8 in the driving direction and the reverse direction of a receiving vehicle 
shall cover the directly adjacent vehicles driving in front of and behind the 
concerned vehicle in the same lane, as well as in the neighboring lanes. 

In order to be comparable to the specification of the CAM standard [1], 
analytical results of the CAM update interval performance shown in Figure 7.8 
and Figure 7.9 are presented using the units derived according to the parameters 
in Table 6.1 and Table 7.2. Besides, we change the unit of 𝜆𝐹  from [frame/s] to 
[Hz] to reflect the fact that a new CAM message generated at the transmitter is 
essentially an information update at the local vehicle.  

Table 7.2: Calculation parameters of the CAM broadcast  

Parameter Settings Value 
IEEE 802.11p PHY mode QPSK1/2 
CAM frame size 𝑃𝑆  200 [B], 512 [B] * 
Vehicle density 𝛽 0.2 [vehicle/m] 
Channel sensing range 𝑟  20 [m] - 640 [m] 

* With PHY mode QPSK1/2, 𝑃𝑆 = 200 [𝐵]  corresponds to 𝐿 = 32;  
𝑃𝑆 = 512 [𝐵] corresponds to 𝐿 = 64. 

Figure 7.8 shows the analytical results of 𝑇𝑈𝐼  𝑑𝑅𝑋  
                         for the frame size 

𝑃𝑆 = 200 [B] and 𝑃𝑆 = 512 [B] with 𝐶𝑊𝑚𝑖𝑛 = 63 and different channel sensing 
range, as indicated in the title of each sub-plot. Figure 7.8(a) and Figure 7.8(b) 
are for the results of each frame size, respectively.  

Due to the increasing number of vehicles in the channel sensing range 𝑟 of 
each vehicle, the deteriorating performance of 𝑇𝑈𝐼  𝑑𝑅𝑋  

                         is observed with the 
increased value of 𝑟, for both frame sizes. Nevertheless, given that each vehicle 
updates its information with a frequency no lower than 1 [Hz], the performance 
of 𝑇𝑈𝐼  8 
                 in all investigated scenarios is below 1 s, as shown in Figure 7.8. Here, 

the largest channel sensing range 𝑟 = 640  [m] corresponds to 128 sensible 
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neighbors at each side, either ahead or behind, of a vehicle. As expected, the 
performance at the maximum 𝑑𝑅𝑋  in each scenario is far worse than that at 
𝑑𝑅𝑋 = 8. Particularly, with 𝑃𝑆 = 512 [B] and 𝑟 = 640 [m] the value of 𝑇𝑈𝐼  128  
is hardly below 1 s, regardless of the offered traffic load. Considering the biased 
value of CAM in favor of low 𝑑𝑅𝑋 , one can still conclude from the results shown 
in Figure 7.8 that the performance of the CAM broadcast satisfies the 
requirement of the CAS in the standard [1] for vehicles in close vicinity, e.g. at 
𝑑𝑅𝑋 = 8. This is because, according to the standard, the CAM message shall be 
generated with a frequency between 1 [Hz] to 10 [Hz], see Section 6.1.3 of [1], 
which implies an acceptable CAM update interval of 1 s. By this statement, we 
are referring to the fact that the analytical results for  𝑇𝑈𝐼  𝑑𝑅𝑋  

                         are calculated 
based on the interference-free probability 𝑝𝐼𝐹  of a reception burst, which is 
usually more rigorous than the success probability of a reception burst at the 
physical layer.  

As shown in Figure 7.8, by increasing the value of 𝜆𝐹  beyond 1 [Hz], we get 
better performance of 𝑇𝑈𝐼  𝑑𝑅𝑋  

                         towards the optimal value in all scenarios. After 
the optimal value, which is at different value of 𝜆𝐹  for different value of 𝑟, the 
performance of 𝑇𝑈𝐼  𝑑𝑅𝑋  

                         deteriorates in all scenarios with a gradually 
decreasing rate, when the value of 𝜆𝐹  further increases. The location of the 
optimal value in 𝜆𝐹  is affected by hidden stations determined by the number of 

 

Figure 7.8: CAM update interval evaluated at dRX=8 and dRX=max. with 
CWmin=63  
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station in the channel sensing range 𝑟  and the conditional channel access 
probability 𝑝𝑡𝑥  or 𝜏  in the protocol model, as discussed in Section 5.7 and 
Section 7.4.1. Figure 5.23(b) indicates that a higher optimal system efficiency 
value, i.e. the system goodput 𝐺, can be reached with a higher value of 𝑅, or 𝑟 
in this discussion. However, in Figure 7.8 better optimal 𝑇𝑈𝐼  𝑑𝑅𝑋  

                          values are 
obtained with lower 𝑟 value. This is because the system goodput is shared by all 
vehicles in the channel sensing range, and with a higher 𝑟 value the optimal 
goodput value is reached at relatively low 𝑝𝑡𝑥 , see Figure 5.23(b), suggesting less 
frequent CAM updates at each vehicle and therefore higher 𝑇𝑈𝐼  𝑑𝑅𝑋  

                          value at 
the given 𝑑𝑅𝑋 . 

The results for 𝑇𝑈𝐼  𝑑𝑅𝑋  
                         with a larger frame size, e.g. 𝑃𝑆 = 512 [B] in sub-

plot Figure 7.8(b), are generally worse than those in sub-plot Figure 7.8(a), 
which have a smaller frame size 𝑃𝑆 = 200 [B]. This confirms the discussion in 
Section 7.4.4 about the negative impact of the frame size on the time metrics in 
CAM broadcast.  

Figure 7.9 gives the analytical results with the same settings used for Figure 
7.8, except for a larger contention window size of the IEEE 802.11p system, i.e. 
𝐶𝑊𝑚𝑖𝑛 = 127. The difference between Figure 7.9(a) and Figure 7.8(a), as well 
as the difference between Figure 7.9(b) and Figure 7.8(b), clearly show the 
effectiveness of a larger 𝐶𝑊𝑚𝑖𝑛  value in limiting the channel access probability 

 

Figure 7.9: CAM update interval evaluated at dRX=8 and dRX=max. with 
CWmin=127  
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at each station and, thus, in preventing further degradation of the 𝑇𝑈𝐼  𝑑𝑅𝑋  
                         

performance with increased value of 𝜆𝐹 , whereas the negative impact of a larger 
value of 𝐶𝑊𝑚𝑖𝑛  on the MAC layer service delay, as discussed in Section 6.7.2, is 
negligible in this discussion because of the low value of the transmission 
probability 𝜏 , as shown in Figure 7.3 for example. 

7.6 Summary 

The analytical results of 𝑇𝑈𝐼  𝑑𝑅𝑋  
                         provide the following insights into the 

control mechanisms towards the optimal performance of the CAM broadcast in 
hidden station scenarios: 

Keeping the number of stations 𝑅 in the channel sensing range 𝑟 of each 
station below a threshold, e.g. 𝑅 = 128 for the investigated scenarios, is the 
most effective way of avoiding the hidden station problem. This can be realized 
through either transmit power control, or control of the sensitivity level of 
channel clear assessment, or both together.  

Another important parameter is the channel access probability 𝑝𝑡𝑥  at each 
station, which, in the IEEE 802.11p system, is controllable through the 
information update frequency or transmit rate 𝜆𝐹 , and the contention window 
size 𝐶𝑊𝑚𝑖𝑛 , the latter of which mainly limits the maximum value of 𝑝𝑡𝑥 . In 
general, the value of 𝑝𝑡𝑥  shall stay small, as far as the resulting 𝑇𝑈𝐼 (𝑑𝑅𝑋 )                         
satisfies the requirement of the application at the specific 𝑑𝑅𝑋  value. For 
example, the value of 𝜆𝐹  shall be below 60 [Hz] to meet 𝑇𝑈𝐼 (8)                ≤ 1 𝑠 with 
𝐶𝑊𝑚𝑖𝑛 = 63, 𝑃𝑆 = 512 [B], and 𝑟 = 640 [m], as shown in Figure 7.8(b).  

Smaller frame duration 𝐿 is always preferable to a bigger one. This is 
achievable through using more efficient encoding scheme for the content carried 
in a frame or through link control, i.e. using a higher PHY modulation and 
encoding scheme, if the link layer performance permits this.  

As evaluated in this section, the performance of the CAM broadcast in the 
vicinity of a vehicle is considered acceptable for the CAS specified in the 
standard [1], especially when the above discussed control mechanisms are 
employed. 

 



 

105 

 

CHAPTER 8 

 
8 Conclusion  

Conclusion 

This thesis proposes a methodology for analyzing the hidden station problem 
with CSMA protocols. Particularly, to the interests of analyzing broadcast 
communication in VANET in highway scenarios, a hidden station model is 
developed for the 1-D network topology with an infinite number of stations. 

The hidden station model for infinite 1-D network gives expressions in 
closed-form for the distribution of inter-transmitter distance and the expected 
receiving busy period measured at a receiver with hidden stations, given the 
following three parameters: converged channel access probability 𝑝𝑡𝑥 , frame 
length 𝐿, and the number of stations 𝑅 in one-side channel sensing range. Given 
the same input parameters, the hidden station model also quantizes system's 
reliability and efficiency performance in steady state. The validated analytical 
results discover that the optimum system efficiency, evaluated as the system 
goodput 𝐺 , is usually achieved at a relatively low value of 𝑝𝑡𝑥 , and the 
reliability of CSMA broadcast deteriorates with increased topological distance 
between the transmitter and the receiver. These rules unbiasedly apply to all 
stations that broadcast in a homogeneous infinite 1-D network. 

Joint with the protocol model of IEEE 802.11p DCF that is originally 
developed in [2], the hidden station model provides accurate analytical results 
for IEEE 802.11p broadcast with hidden stations under both, saturated and 
unsaturated traffic loads. In addition to the reliability performance and the 
efficiency performance, these analytical results also include the expected MAC 
layer access delay. In a quantitative manner, the developed models discover the 
rule how the minimum contention window size 𝐶𝑊𝑚𝑖𝑛  of IEEE 802.11p and the 
traffic load at each station determine the system performance for given 
parameters 𝐿  and 𝑅  in a hidden station scenario. Besides, this thesis also 
discovers the impact of small 𝐶𝑊𝑚𝑖𝑛  values on the assumed stationary channel 
access probability, which reduces the precision of the developed models under an 
unsaturated traffic load. In this case, as shown in Section 6.7, the analytical 
results still provide a good approximation to the simulated ones. 
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The analysis of the cooperative awareness service in highway scenarios using 
the developed analytical models, as presented in Section 7.5, reveals the 
reliability of the CAM broadcast deteriorates with increased vehicle density. 
However, depending on the value of 𝑑𝑅𝑋 , particularly for a close transmitter to 
receiver distance, e.g. 𝑑𝑅𝑋 ≤ 8, the mean update interval of CAM can be easily 
maintained below 1 [s], which satisfies the requirement of the update interval 
between 0.1 [s] and 1 [s] in standard ETSI EN 302 637-2. The analytical model 
provides guidance in a quantitative way on how to improve the system 
performance in hidden station scenarios using control mechanisms including 
transmit power control, transmit rate control and link control. 

By testing the proposed fundamental assumption about the conditional 
independence between states of stations that belong to different clear channel 
partitions in a randomly generated 2-D CSMA network (see Appendix A), this 
thesis shows the potential of the proposed methodology in analyzing hidden 
station related problems in more generic scenarios than what has been addressed 
in this work. 
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APPENDIX A 

 
Appendix A Validation of the Conditional Independence Assumption 

Validation of the Conditional Independence 
Assumption 

This appendix is devoted to validating the conditional independence 
assumption, which is made in Section 3.2.2, with a randomly generated 2-D 
network.  

A.1 Test Method 

The conditional independence assumption is tested using the chi-square test 
of independence [10]. The observation in this test is the state of stations in two 
clear channel partitions (CCPs) at a given time in a hidden station scenario. See 
Section 3.2 for the definitions of the clear channel operation (CCO), the clear 
channel separator (CCS), and CCP. At a given time, the state of a station may 
be one of the following: sensing the channel as idle (𝐼), sensing the channel as 
busy (𝑅𝐵) and transmitting (𝑇𝑋). The null hypothesis of the test is that at a 
given time the state of stations in one CCP is independent of the state of 
stations in another CCP. All observations in this test are made under the 
condition that a CCO, with respect to a CCS, separates the network into two or 
more CCPs. In this way, the assumption of conditional independence given in 
Section 3.2.2 is tested.  

A.2 Validation of the Conditional Independence Assumption 
in a Random 2-D Network 

Figure A.1(a) shows the hidden station graph, defined in Section 3.2.2, of a 
randomly generated 2-D network with 20 hidden station units (HUs) in a 
1000 [𝑚] × 1000 [𝑚] square area. Here we assume each HU consists of one 
station because the number of stations in a HU does not affect the result of the 
independence test. The channel sensing range is 200 [𝑚]  for all stations. 
According to the definition of CCS in Section 3.2.2, for the hidden station graph 
in Figure A.1(a) stations 4 and station 10 form a separator [4; 10]. Figure A.1(b) 
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illustrates the CCPs resulting from the CCO with respect to CCS [4; 10]. CCPs 
are the separated subgraphs that are connected by solid lines in Figure A.1(b). 

For a given CCS, observations are made by evaluating the state of stations 
(HUs) in one CCP, which is referred to as CCP-A consisting of stations 1, 2, 3, 
6, 11, 12, 14 and 16, and the state of stations in the other CCP, say CCP-B 
consisting of stations 5, 7, 8, 9, 13, 15, 17, 18, 19 and 20, at the time that both 
stations, 4 and 10, in the CCS sense the channel as idle, i.e. under the condition 
of CCO. 

In order to collect sufficient observation for the chi-square test, Monte Carlo 
simulations are performed using parameter settings given in Table A.1. Besides, 
the channel access probability 𝑝𝑡𝑥  of the CSMA protocol at each station is also 
randomly generated according to the uniform distribution in the range between 

 

Figure A.1: Randomly generated 2-D network for testing the assumption of 
conditional independence 

Table A.1: Parameters for chi-square test simulation 

Parameters Values 
Protocol CSMA 
Frame length (𝐿) 6 𝜎 
Simulation time 10 s (769231 𝜎) 
Number of independent simulations 100 
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0 and 0.25.  

Instead of performing the chi-square test using observations from a single 
simulation, we repeat the test with 100 independent simulations. Here, 
independent simulations refer to simulations of the same network topology and 
with identical parameter settings of the CSMA protocol but performed with 
different seeds for the random number generator.  

Conclusion is drawn by comparing the statistic characteristics of the 
𝑝-values from the chi-square tests of the following three kinds of observations 
with respect to the CCS: 

(a) Observations from stations in CCP-A and stations in CCP-B under the 
condition of CCO with respect to the CCS. This is the target observation 
for testing the conditional independence assumption. 

(b) Observations from the same simulation and same CCP separation as in 
(a), but not under the condition of CCO (NCCO). This means 
observations are made also when stations in the CCS sense the channel as 
busy or are transmitting. The 𝑝-value from this test is a reference of the 
non-independent case.   

(c) Observations from separated simulations of the sub-network CCP-A and 
sub-network CCP-B. Settings of the simulations are same as in (a) except 
that the network are divided into two sub-networks consisting of stations 
from CCP-A only or from CCP-B only. Each sub-network is simulated 
independently. The 𝑝 -value from this test is a reference of the 
independent case (IDP). 

Table A.2 gives the 𝑝-values from the chi-square test of all combinations 
between stations in CCP-A and stations in CCP-B with respect to CCS [4;  10] 
in Figure A.1(b). 𝜇 and 𝜎 are the mean value and the standard deviation of the 
𝑝-values from 100 independent tests of each entry. 

For a test of independence, a 𝑝-value less than or equal to 0.05 is usually 
interpreted as justification for rejecting the null hypothesis [10], which in this 
test is that the state of stations in CCP-A is independent of the state of stations 
in CCP-B. In Table A.2 values that are less than 10−6 are shown as "0". All 
mean 𝑝-values from the CCO observations and the IDP observations are greater 
than 0.1, which suggests we can accept the null hypothesis. In contrast, mean 
𝑝-values that are lower than 0.05 appear very often in the NCCO case, e.g. for 
the combinations of [1; 5], [1; 7] and [2; 7], confirming the expectation that 
states of these stations are closely correlated if the network is not separated by 
the CCS [4; 10]. See Figure A.1(a).  
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Besides, the CDF curves of the measured 𝑝 -values of selected station 
combinations in Figure A.2 show similar statistic characteristics of the CCO and 
the IDP cases. This indicates that the conditional independence is a very strong 
assumption in this randomly generated 2-D CSMA network. 

 

 

 

 

 

 

Figure A.2: CDF of p-values from chi-square tests  
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Table A.2: Chi-square test results of CCS [4; 10] 
ID 

  
5 7 8 9 13 15 17 18 19 20 

1 

NCCO 
𝜇 0.0 0.0 0.0247 1.72e-10 0.0952 0.0834 0.0 0.0971 0.0 0.0 

(𝜎) (0.0) (0.0) (0.0905) (1.16e-09) (0.1940) (0.1849) (0.0) (0.1890) (0.0) (0.0) 

IDP 
𝜇 0.3713 0.3988 0.3230 0.2302 0.2496 0.2641 0.2686 0.2993 0.3213 0.2559 

(𝜎) (0.3053) (0.3233) (0.3019) (0.2803) (0.2780) (0.2856) (0.3038) (0.2995) (0.2799) (0.2619) 

CCO 
𝜇 0.3620 0.3791 0.2530 0.3567 0.3297 0.3341 0.3416 0.2497 0.4214 0.3625 

(𝜎) (0.2761) (0.3061) (0.2750) (0.3439) (0.2941) (0.3015) (0.3251) (0.2698) (0.3214) (0.3304) 

2 

NCCO 
𝜇 0.0 0.0 0.1499 0.0301 0.2011 0.1680 2.03e-05 0.1680 0.0 0.0 

(𝜎) (0.0) (0.0) (0.2121) (0.1081) (0.2705) (0.2257) (0.0002) (0.2390) (0.0) (0.0) 

IDP 
𝜇 0.3175 0.3188 0.2223 0.1686 0.1798 0.2526 0.1831 0.2367 0.2800 0.1929 

(𝜎) (0.3089) (0.2792) (0.2682) (0.2170) (0.2415) (0.2998) (0.2457) (0.2901) (0.2901) (0.2556) 

CCO 
𝜇 0.3223 0.3564 0.2495 0.2459 0.2839 0.2470 0.2913 0.2395 0.3936 0.3099 

(𝜎) (0.2885) (0.3272) (0.2787) (0.2552) (0.2818) (0.2668) (0.2987) (0.2734) (0.3198) (0.3037) 

3 

NCCO 
𝜇 0.0 0.0 0.0800 0.0153 0.1395 0.1230 0.0 0.1383 0.0 0.0 

(𝜎) (0.0) (0.0) (0.1657) (0.0972) (0.1896) (0.2127) (0.0) (0.2311) (0.0) (0.0) 

IDP 
𝜇 0.2068 0.2438 0.1425 0.1485 0.1548 0.0911 0.1300 0.1258 0.1757 0.1342 

(𝜎) (0.2578) (0.3035) (0.2216) (0.2465) (0.2290) (0.1782) (0.2159) (0.1896) (0.2574) (0.2326) 

CCO 
𝜇 0.2755 0.2927 0.2534 0.2139 0.2099 0.2409 0.2168 0.2538 0.2606 0.2065 

(𝜎) (0.2604) (0.2837) (0.2625) (0.2353) (0.2298) (0.2706) (0.2854) (0.2851) (0.2794) (0.2737) 

6 

NCCO 
𝜇 0.1139 0.1496 0.1768 0.1217 0.1970 0.1348 0.1902 0.1830 0.1791 0.2085 

(𝜎) (0.1761) (0.2118) (0.2343) (0.2101) (0.2688) (0.2132) (0.2303) (0.2426) (0.2519) (0.2750) 

IDP 
𝜇 0.2444 0.2804 0.1878 0.1515 0.1807 0.1575 0.1357 0.1408 0.2142 0.1373 

(𝜎) (0.2896) (0.3002) (0.2340) (0.2182) (0.2582) (0.2219) (0.1771) (0.2107) (0.2637) (0.1847) 

CCO 
𝜇 0.3065 0.3574 0.3131 0.2338 0.2567 0.2168 0.3184 0.2542 0.3138 0.2857 

(𝜎) (0.2859) (0.2935) (0.2942) (0.2541) (0.2565) (0.2387) (0.3030) (0.2653) (0.2857) (0.2845) 

11 

NCCO 
𝜇 0.1236 0.1223 0.1970 0.0934 0.1467 0.1222 0.1889 0.1840 0.1803 0.2052 

(𝜎) (0.1956) (0.1907) (0.2681) (0.1739) (0.2243) (0.2049) (0.2539) (0.2431) (0.2593) (0.2710) 

IDP 
𝜇 0.2099 0.2702 0.2089 0.1173 0.1658 0.1055 0.1533 0.1598 0.2248 0.1570 

(𝜎) (0.2415) (0.3131) (0.2568) (0.2128) (0.2436) (0.1624) (0.2069) (0.2498) (0.2566) (0.2081) 

CCO 
𝜇 0.3151 0.3327 0.2423 0.2720 0.2673 0.2532 0.2688 0.2669 0.2744 0.2408 

(𝜎) (0.3052) (0.2966) (0.2718) (0.2850) (0.2755) (0.2677) (0.2843) (0.2875) (0.2640) (0.2651) 

12 

NCCO 
𝜇 0.0 0.0 0.0812 2.90e-06 0.1362 0.1227 0.2466 0.1261 0.0 0.0 

(𝜎) (0.0) (0.0) (0.1701) (2.26e-05) (0.2070) (0.2151) (0.2895) (0.1949) (0.0) (0.0) 

IDP 
𝜇 0.4291 0.4187 0.3125 0.3708 0.3130 0.3839 0.3657 0.3294 0.3947 0.3659 

(𝜎) (0.3131) (0.2908) (0.2878) (0.3022) (0.2735) (0.3067) (0.3019) (0.3011) (0.3106) (0.3214) 

CCO 
𝜇 0.4038 0.4665 0.4435 0.4212 0.4181 0.3844 0.4474 0.4538 0.4727 0.4435 

(𝜎) (0.3080) (0.3049) (0.2953) (0.3166) (0.3000) (0.3046) (0.3053) (0.3117) (0.3048) (0.3094) 

14 

NCCO 
𝜇 0.1226 0.0668 0.2373 0.1862 0.1993 0.1399 0.0621 0.1918 0.0 0.0 

(𝜎) (0.2340) (0.1450) (0.3024) (0.2534) (0.2471) (0.2020) (0.1391) (0.2494) (0.0) (0.0) 

IDP 
𝜇 0.3066 0.2618 0.2478 0.1465 0.1757 0.2022 0.2134 0.2215 0.3016 0.2005 

(𝜎) (0.3077) (0.2545) (0.2842) (0.1973) (0.2547) (0.2681) (0.2449) (0.2751) (0.2952) (0.2284) 

CCO 
𝜇 0.3412 0.3926 0.2789 0.2518 0.2939 0.2706 0.2966 0.2827 0.4029 0.3220 

(𝜎) (0.2714) (0.3391) (0.2787) (0.2687) (0.2763) (0.2920) (0.2873) (0.2998) (0.3371) (0.3024) 

16 

NCCO 
𝜇 0.1266 0.1647 0.1568 0.1203 0.1716 0.1311 0.1430 0.1666 0.1613 0.1769 

(𝜎) (0.2259) (0.2283) (0.2252) (0.2073) (0.2397) (0.1812) (0.2121) (0.2368) (0.2269) (0.2299) 

IDP 
𝜇 0.2526 0.2723 0.1630 0.1264 0.1552 0.1306 0.1363 0.1723 0.2146 0.1341 

(𝜎) (0.3078) (0.2884) (0.2446) (0.2095) (0.2194) (0.2152) (0.1853) (0.2559) (0.2715) (0.1833) 

CCO 
𝜇 0.3214 0.3402 0.2901 0.2269 0.2781 0.2380 0.3040 0.2996 0.3311 0.2809 

(𝜎) (0.2814) (0.2939) (0.2991) (0.2369) (0.2774) (0.2503) (0.3073) (0.2968) (0.2980) (0.2919) 
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APPENDIX B 

 
Appendix B Calculation of Supporting Probabilities in the Time-Domain Markov Chain   

Calculation of Supporting Probabilities in the 
Time-Domain Markov Chain   

The nine supporting probabilities in the time-domain Markov chain, as 
introduced in Section 5.2.2.2, are calculated in this appendix using known 
parameters 𝑝𝑡𝑥 , 𝐿, and 𝑅 , as well as the parameter 𝑝𝑂 ,𝐹  for the geometric 

distribution of the size of interference free area 𝑑𝐹 , as introduced in Section 
5.3.1. 

Note: Based on the assumed homogenous behavior of stations and the 
uniformly distributed network topology, see Section 4.1 and Section 4.4, all 
probabilities calculated here are for the steady state of the system and applicable 
to all stations. 

B.1 p'I|I 

For any station in the infinite 1-D scenario, 𝑝𝐼 |𝐼
′ (𝑑𝐹 ,𝑥) is the probability 

that no station in its one-side channel sensing range transmits in the next time 
slot, conditioned on this station is in a channel free area in this time slot. 
Assume the station is at the position 𝑥 in a channel free area of size 𝑑𝐹 , 𝑑𝐹 ≥ 1, 
1 ≤ 𝑥 ≤ 𝑑𝐹 . 𝑝𝐼 |𝐼

′  is the expected value of 𝑝𝐼 |𝐼
′ (𝑑𝐹 ,𝑥) over all possible values of 

𝑑𝐹  and 𝑥: 

𝑝𝐼 |𝐼
′ =  𝑝𝐼 |𝐼

′  𝑑𝐹 ,𝑥 ⋅ Pr{𝑥 = 𝑚}
𝑛

𝑚=1

∞

𝑛=1

⋅ Pr{𝑑𝐹 = 𝑛}   (B.1) 

 

B.1.1 Case I: 1≤dF≤R+1 

As shown in Figure B.1, for all stations in this case 𝑝𝐼 |𝐼
′  is identical and 

calculated as the probability that none of 𝑑𝐹  stations starts transmit in the next 
time slot. 

𝑝𝐼 |𝐼
′  𝑑𝐹  
                    =  1− 𝑝𝑡𝑥  

𝑑𝐹      , 1 ≤ 𝑑𝐹 ≤ 𝑅 + 1    (B.2) 
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Figure B.1: Example situation of case I  

B.1.2 Case II: R+2≤dF≤2R 

In this case, as shown in Figure B.2, the probability 𝑝𝐼 |𝐼
′  for stations at 

different location, marked as 𝑥 in the figure, is different. For this reason, three 
areas, namely 𝐴, 𝐵, and 𝐶 , as shown in Figure B.2, are identified for the 
analysis. 

 

Figure B.2: Example situation of case II 

For stations in area 𝐴, i.e. 1 ≤ 𝑥 ≤ 𝑑𝐹 −𝑅, 𝑝𝐼 |𝐼
′ (𝑑𝐹 ,𝑥) is the probability 

that no station in the one-side channel sensing range of 𝑥 in the free area, 
including the station 𝑥, starts transmit in the next time slot, i.e. 

𝑝𝐼 |𝐼
′  𝑑𝐹 , 𝑥 =  1− 𝑝𝑡𝑥  

𝑥+𝑅    , 1 ≤ 𝑥 ≤ 𝑑𝐹 − 𝑅 − 1    (B.3) 

 

Similarly, for area 𝐵 and 𝐶, 𝑝𝐼 |𝐼
′ (𝑥) is calculated as 

r

x

t

1 ≤ dF ≤ R+1

R+1

Free area

Occupied area

1 dF

x

r

x

t
R+2 ≤ dF ≤ 2R

Free area

Occupied area

A

r

B C

x

R

1 dF
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𝑝𝐼 |𝐼
′  𝑑𝐹 ,𝑥 =  1− 𝑝𝑡𝑥  

𝑑𝐹        , 𝑑𝐹 − 𝑅 ≤ 𝑥 ≤ 𝑅 + 1    (B.4) 

 

𝑝𝐼 |𝐼
′  𝑑𝐹 ,𝑥 =  1− 𝑝𝑡𝑥  

𝑑𝐹 −𝑥+𝑅+1    ,𝑅 + 2 ≤ 𝑥 ≤ 𝑑𝐹     (B.5) 

 

The mean value of 𝑝𝐼 |𝐼
′ (𝑑𝐹 ,𝑥) over all stations in the free area in case II is 

𝑝𝐼 |𝐼
′  𝑑𝐹  
                    =

1

𝑑𝐹
⋅ 𝑝𝐼 |𝐼

′  𝑑𝐹 ,𝑥 
𝑑𝐹

𝑥=1

 

=
1

𝑑𝐹
⋅  

2

𝑝𝑡𝑥
⋅  1− 𝑝𝑡𝑥  

𝑅+1 +  2 ⋅ 𝑅 −
2 ⋅  1− 𝑝𝑡𝑥  

𝑝𝑡𝑥
 ⋅  1− 𝑝𝑡𝑥  

𝑑𝐹 − 𝑑𝐹

⋅  1− 𝑝𝑡𝑥  
𝑑𝐹  ,    𝑅 + 2 ≤ 𝑑𝐹 ≤ 2𝑅 

    (B.6) 
 

B.1.3 Case III: dF≥2R+1 

In this case, three areas 𝐴, 𝐵, and 𝐶 are also identified for the analysis, as 
shown in Figure B.3. 

 

Figure B.3: Example situation of case III 

𝑝𝐼 |𝐼
′ (𝑑𝐹 ,𝑥) is calculated for each area: 

𝑝𝐼 |𝐼
′ (𝑑𝐹 ,𝑥) =

 
 
 

 
  1− 𝑝𝑡𝑥  

𝑥+𝑅 1 ≤ 𝑥 ≤ 𝑅

 1− 𝑝𝑡𝑥  
2𝑅+1 𝑅 + 1 ≤ 𝑥 ≤ 𝑑𝐹 −𝑅

 1− 𝑝𝑡𝑥  
𝑑𝐹 −𝑥+𝑅+1 𝑑𝐹 −𝑅 + 1 ≤ 𝑥 ≤ 𝑑𝐹

    (B.7) 

The mean value of 𝑝𝐼 ,𝐼
′ (𝑑𝐹 ,𝑥) over all stations in the free area in case III is 

given as: 

r

x

t
dF ≥ 2R+1

Free area
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A
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x

R
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𝑝𝐼 ,𝐼
′  𝑑𝐹  
                    =

1

𝑑𝐹
 𝑝𝐼 |𝐼

′  𝑑𝐹 ,𝑥 
𝑑𝐹

𝑥=1

 

=
1

𝑑𝐹
⋅  

2

𝑝𝑡𝑥
⋅  1− 𝑝𝑡𝑥  

𝑅+1 −  2𝑅 +
2

𝑝𝑡𝑥
  1− 𝑝𝑡𝑥  

2𝑅+1 + 𝑑𝐹  1− 𝑝𝑡𝑥  
2𝑅+1  

, 𝑑𝐹 ≥ 2𝑅 + 1    (B.8) 
 

Given 𝑑𝐹  follows the geometric distribution with parameter 𝑝𝑂 ,𝐹 , 𝑝𝐼 |𝐼
′  for 

the infinite 1-D scenario is calculated according to Eq.(B.1): 

𝑝𝐼 |𝐼
′ =
  𝑝𝐼 |𝐼

′𝑛

𝑥=1
 𝑛,𝑥 ⋅ Pr 𝑑𝐹 = 𝑛|𝑑𝐹 ≥ 1 

∞  

𝑛=1

 𝑛 ⋅ Pr 𝑑𝐹 = 𝑛 𝑑𝐹 ≥ 1 ∞

𝑛=1
   

 

= 𝑝𝐼 |𝐼
′  𝑛                  

∞

𝑛=1

⋅ 𝑛 ⋅  1− 𝑝𝑂 ,𝐹  
𝑛−1 ⋅ 𝑝𝑂 ,𝐹

2  

= 𝑝𝑂 ,𝐹
2 ⋅  1− 𝑝𝑡𝑥   

⋅
1− 2 ⋅  𝑅 + 2 ⋅ 𝑎𝑅+1 + 2 ⋅  𝑅 + 1 ⋅ 𝑎𝑅+2 +  2𝑅 + 1 ⋅ 𝑎2𝑅 − 2𝑅 ⋅ 𝑎2𝑅+1

 1− 𝑎2 
+ 𝑝𝑂 ,𝐹

2

⋅  2𝑅 −
2 ⋅ (1− 𝑝𝑡𝑥 )

𝑝𝑡𝑥
 ⋅  1− 𝑝𝑡𝑥  ⋅

𝑎𝑅+1 ⋅  1− 𝑎𝑅−1 

1− 𝑎
+

2 ⋅ 𝑝𝑂 ,𝐹

𝑝𝑡𝑥

⋅  1− 𝑝𝑡𝑥  
𝑅+1 ⋅  1− 𝑝𝑂 ,𝐹   

𝑅+1 −  2𝑅 +
2

𝑝𝑡𝑥
 ⋅  1− 𝑝𝑡𝑥  

2𝑅+1 ⋅ 𝑝𝑂 ,𝐹

⋅  1− 𝑝𝑂 ,𝐹  
2𝑅 +  1− 𝑝𝑡𝑥  

2𝑅+1

⋅   2𝑅 + 1 ⋅  1− 𝑝𝑂 ,𝐹  
2𝑅 − 2𝑅 ⋅  1− 𝑝𝑂 ,𝐹  

2𝑅+1       (B.9) 
 

Where,  

𝑎 =  1− 𝑝𝑡𝑥  ⋅ (1− 𝑝𝑂 ,𝐹 )    (B.10) 
 

B.2 p'TX|I 

According to the assumption of stationary conditional channel access 
probability in Section 3.1.1, the probability a station starts to transmit in the 
next time slot, conditioned on it senses the channel idle in this time slot is: 

𝑝𝑇𝑋 |𝐼
′ = 𝑝𝑡𝑥     (B.11) 
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B.3 p'V|I 

According to the definition of hidden-station vulnerable area 𝑉  in Section 
5.2.1.1, the transition of a station from state 𝐼 to state 𝑉  is always caused by 
the event that at least one neighbor in the channel sensing range of this station 
starts to transmit in the next time slot. If the situation in the next time slot 
satisfies the definition of area 𝑉  in Section 5.2.1.1, i.e. an channel free area with 
size greater than zero is next to the occupied area, in which the station is 
located, the station together with other 𝑅 − 1 neighbors of it transit to from 
state 𝐼 to state 𝑉 .  

Due to the ergodicity property of the infinite 1-D scenario, for a free area 
with size 𝑑𝐹  the mean probability 𝑝𝑉 |𝐼

′ (𝑑𝐹 )                      that a station in this free area 

transits from state 𝐼 to state 𝑉  can also be calculated as the mean percentage of 
stations transits from 𝐼 to 𝑉  out of 𝑑𝐹  stations. To find out this percentage we 
investigate the situation that the station at location 𝑥, (1 ≤ 𝑥 ≤ 𝑑𝐹 ) in the 
channel free area, as shown in Figure B.1, starts to transmit in the next time 
slot. For a given 𝑑𝐹 , we have  

𝑝𝑉 |𝐼
′ (𝑑𝐹 )                     =

1

𝑑𝐹
⋅ 𝑅 ⋅ 𝑝𝑉 (𝑑𝐹 ,𝑥)
𝑑𝐹

𝑥=1

⋅ 𝑝𝑡𝑥  𝑥     (B.12) 

 

𝑅 appears in Eq.(B.12) because a hidden station vulnerable area 𝑉  always 
consists of 𝑅  contiguous stations, as shown in Figure 5.1. 𝑝𝑉 (𝑑𝐹 ,𝑥)  is the 
probability that the transmission at location 𝑥  will result in a 𝑉  area, 
conditioned on the station at location 𝑥  starts transmission. 𝑝𝑡𝑥 (𝑥)  is the 
probability that station at location 𝑥 starts transmission, which equals to 𝑝𝑡𝑥  for 
all stations in this scenario. 𝑝𝑉 (𝑑𝐹 ,𝑥) is calculated for each location 𝑥 and 𝑑𝐹 , 
as shown in the following subsections.  

B.3.1 Case I: 1≤dF≤R+1 

It is not possible for a free area with size 1 ≤ 𝑑𝐹 ≤ 𝑅 + 1 to generate a 𝑉  
area. Therefore, 

𝑝𝑉 |𝐼
′ (𝑑𝐹 )                     = 0  ,1 ≤ 𝑑𝐹 ≤ 𝑅 + 1    (B.13) 
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B.3.2 Case II: R+2≤dF≤2R+2 

For the simplicity of analysis, we only investigate the situation at the right 
side of 𝑥. Due to the symmetric network topology, the derived 𝑝𝑉 |𝐼

′ (𝑑𝐹 )                      shall be 

multiplied by 2 for obtaining the full probability. 

As shown in Figure B.4, for 𝑥 in area 𝐴, i.e. 1 ≤ 𝑥 ≤ 𝑑𝐹 −𝑅 − 1, at the 
right side of 𝑥, 𝑝𝑉 (𝑑𝐹 ,𝑥)  is the probability that no station starts transmit in 
the area from 𝑥+ 1 to 𝑑𝐹  in the next time slot. Therefore, 

𝑝𝑉  𝑑𝐹 ,𝑥 =  1− 𝑝𝑡𝑥  
𝑑𝐹 −𝑥 , 1 ≤ 𝑥 ≤ 𝑑𝐹 −𝑅 − 1    (B.14) 

 

 

Figure B.4: Example situation of calculating pV in case II 

For 𝑥  in area B (𝑑𝐹 −𝑅 ≤ 𝑥 ≤ 𝑑𝐹 ) , as shown in Figure B.4, any 
transmission in this area will not cause a 𝑉  area at the right side of 𝑥 . 
Therefore, 

𝑝𝑉  𝑑𝐹 ,𝑥 = 0  , 𝑑𝐹 −𝑅 ≤ 𝑥 ≤ 𝑑𝐹     (B.15) 
 

From Eq.(B.13), Eq.(B.14), and Eq.(B.11), we have 

𝑝𝑉 |𝐼
′  𝑑𝐹  
                     =

1

𝑑𝐹
 𝑅 ⋅ 2 ⋅ 𝑝𝑉  𝑑𝐹 ,𝑥 
𝑑𝐹

𝑥=1

⋅ 𝑝𝑡𝑥  𝑥 =
2𝑅

𝑑𝐹
⋅   1− 𝑝𝑡𝑥  

𝑅+1 −  1− 𝑝𝑡𝑥  
𝑑𝐹   

,𝑅 + 2 ≤ 𝑑𝐹 ≤ 2𝑅 + 2     (B.16) 
 

B.3.3 Case III: dF≥2R+3  

In this case, three areas 𝐴, 𝐵, and 𝐶, are identified for the calculation of 
𝑝𝑉  𝑑𝐹 ,𝑥 , as shown in Figure B.5. 

r

x

t
R+2 ≤ dF ≤ 2R+2

Free area

Occupied area

A B

x

R

1 dF

dF-R-1

r
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Similar to Case II, we focus at the situation at the right side of 𝑥.  

 

Figure B.5: Example situation of calculating pV in case III 

In area 𝐴, 1 ≤ 𝑥 ≤ 𝑑𝐹 − 2𝑅 − 2, at the right side of 𝑥, 𝑝𝑉 (𝑑𝐹 ,𝑥) is the 
probability that no station starts transmit in the area from 𝑥+ 1 to 𝑥+ 2𝑅 + 1 
in the next time slot. Therefore, we have 

𝑝𝑉  𝑑𝐹 , 𝑥 =  1− 𝑝𝑡𝑥  
2𝑅+1   , 1 ≤ 𝑥 ≤ 𝑑𝐹 − 2𝑅 − 2    (B.17) 

 

In area 𝐵, 𝑑𝐹 − 2𝑅 − 1 ≤ 𝑥 ≤ 𝑑𝐹 −𝑅 − 1, at the right side of 𝑥, 𝑝𝑉 (𝑑𝐹 ,𝑥)  
is the probability that no station starts transmit in the area from 𝑥+ 1 to 𝑑𝐹  in 
the next time slot. Therefore,  

𝑝𝑉  𝑑𝐹 ,𝑥 =  1− 𝑝𝑡𝑥  
𝑑𝐹 −𝑥  , 𝑑𝐹 − 2𝑅 − 1 ≤ 𝑥 ≤ 𝑑𝐹 −𝑅 − 1    (B.18) 

 

In area 𝐶, 𝑑𝐹 − 𝑅 ≤ 𝑥 ≤ 𝑑𝐹 , any transmission will not cause a 𝑉  area at 
the right side of 𝑥. Therefore,  

𝑝𝑉  𝑑𝐹 ,𝑥 = 0  , 𝑑𝐹 −𝑅 ≤ 𝑥 ≤ 𝑑𝐹     (B.19) 
 

Bring Eq.(B.17), Eq.(B.18), and Eq.(B.19) into Eq.(B.11), we have 

𝑝𝑉 |𝐼
′  𝑑𝐹  
                     =

1

𝑑𝐹
 𝑅 ⋅ 2 ⋅ 𝑝𝑉  𝑑𝐹 ,𝑥 
𝑑𝐹

𝑥=1

⋅ 𝑝𝑡𝑥  𝑥  

=
2𝑅

𝑑𝐹
⋅   1− 𝑝𝑡𝑥  

𝑅+1 + 𝑝𝑡𝑥 ⋅  1− 𝑝𝑡𝑥  
2𝑅+1 ⋅  𝑑𝐹 − 2𝑅 − 2 −  1− 𝑝𝑡𝑥  

2𝑅+2    

, 𝑑𝐹 ≥ 2𝑅 + 3    (B.20) 

x

t
dF  ≥ 2R+3

Free area

Occupied area

A C

x

R

1 dF

dF-R-1

r

B

dF-2R-2
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By calculating the mean value of 𝑝𝑉 |𝐼
′  𝑑𝐹  
                      over all possible values of 𝑑𝐹 , we 

get 𝑝𝑉 |𝐼
′ .in Eq.(B.21). Here, we use the geometric distribution of  𝑑𝐹  with 

parameter 𝑝𝑂 ,𝐹 . 

𝑝𝑉 |𝐼
′ =

 𝑝𝑉 |𝐼
′  𝑛                   ∞

𝑛=1
⋅ 𝑛 ⋅ Pr 𝑑𝐹 = 𝑛 𝑑𝐹 ≥ 1 

 𝑛 ⋅ Pr 𝑑𝐹 = 𝑛 𝑑𝐹 ≥ 1 ∞

𝑛=1

 

= 𝑝𝑉 |𝐼
′  𝑛                   

∞

𝑛=1

⋅ 𝑛 ⋅  1− 𝑝𝑂 ,𝐹  
𝑛−1 ⋅ 𝑝𝑂 ,𝐹

2  

= 2 ⋅ 𝑅 ⋅ 𝑝𝑂 ,𝐹
2  

⋅  
𝑎𝑅+1 ⋅  1−  1− 𝑝𝑂 ,𝐹  

𝑅+1  

𝑝𝑂 ,𝐹

−
 1− 𝑝𝑡𝑥  ⋅ 𝑎

𝑅+1 ⋅  1− 𝑎𝑅+1  

1− 𝑎

+
  1− 𝑝𝑡𝑥  

𝑅+1 −   2𝑅 + 1 ⋅ 𝑝𝑡𝑥 + 1 ⋅  1− 𝑝𝑡𝑥  
2𝑅+1  ⋅  1− 𝑝𝑂 ,𝐹  

2𝑅+2

𝑝𝑂 ,𝐹

+
 𝑝𝑡𝑥 ⋅  1− 𝑝𝑡𝑥  

2𝑅+1  ⋅   2𝑅 + 3 ⋅  1− 𝑝𝑂 ,𝐹  
2𝑅+2 −  2𝑅 + 2 ⋅  1− 𝑝𝑂 ,𝐹  

2𝑅+3  

𝑝𝑂 ,𝐹
2

  

    (B.21) 
 

B.4 p'B|I 

𝑝𝐵 |𝐼
′  is the probability that at least one neighbor in the left- and in the right- 

channel sensing range of the station start to transmit in the next time slot 
simultaneously, conditioned on the station senses the channel idle at this time 
slot. Similar to the analysis of 𝑝𝐼 |𝐼

′  in Section B.1, 𝑝𝐵 |𝐼
′  is analyzed in three cases 

depending on the size of the channel free area 𝑑𝐹  at this time slot. 

B.4.1 Case I: 1≤dF≤R+1 

As shown in Figure B.1, in this case, 𝑝𝐵 |𝐼
′  for the station at location 𝑥 is the 

probability that the station does not start transmit in the next time slot and at 
least one station in area  1, 𝑥 − 1  and at least one station in area  𝑥+ 1, 𝑑𝐹   
start transmit in the next time slot. Note: for 𝑥 = 1 and 𝑥 = 𝑑𝐹 , 𝑝𝐵 |𝐼

′ = 0. 

Therefore, we have 

𝑝𝐵 |𝐼
′  𝑑𝐹 ,𝑥 =  1− 𝑝𝑡𝑥  ⋅  1−  1− 𝑝𝑡𝑥  

𝑥−1  ⋅  1−  1− 𝑝𝑡𝑥  
𝑑𝐹 −𝑥   

, 1 ≤ 𝑑𝐹 ≤ 𝑅 + 1    (B.22) 
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The mean value of 𝑝𝐵 |𝐼
′  for a given 𝑑𝐹  in this case is 

𝑝𝐵 |𝐼
′  𝑑𝐹  
                     =

1

𝑑𝐹
 𝑝𝐵 |𝐼

′  𝑑𝐹 ,𝑥 
𝑑𝐹

𝑥=1

 

=
1

𝑑𝐹
⋅  1− 𝑝𝑡𝑥  ⋅   1 +  1− 𝑝𝑡𝑥  

𝑑𝐹 −1  ⋅ 𝑑𝐹 − 2 ⋅
1−  1− 𝑝𝑡𝑥  

𝑑𝐹

𝑝𝑡𝑥
  

, 1 ≤ 𝑑𝐹 ≤ 𝑅 + 1    (B.23) 

B.4.2 Case II: R+2≤dF≤2R 

Three areas, namely 𝐴 for 1 ≤ 𝑥 ≤ 𝑑𝐹 − 𝑅 − 1, 𝐵 for 𝑑𝐹 − 𝑅 ≤ 𝑥 ≤ 𝑅 + 1, 
and 𝐶 for 𝑅 + 2 ≤ 𝑥 ≤ 𝑑𝐹 , are identified in this case, as shown in Figure B.2.  

For station at location 𝑥, 𝑝𝐵 |𝐼
′ (𝑑𝐹 ,𝑥) is calculated for each area that 𝑥 falls 

in. Eq.(B.24)  summarizes the results. 

𝑝𝐵 |𝐼
′  𝑑𝐹 , 𝑥 

=

 
 
 

 
  1− 𝑝𝑡𝑥  ⋅  1−  1− 𝑝𝑡𝑥  

𝑥−1  ⋅  1−  1− 𝑝𝑡𝑥  
𝑅  , 1 ≤ 𝑥 ≤ 𝑑𝐹 −𝑅 − 1

 1− 𝑝𝑡𝑥  ⋅  1−  1− 𝑝𝑡𝑥  
𝑥−1  ⋅  1−  1− 𝑝𝑡𝑥  

𝑑𝐹 −𝑥   , 𝑑𝐹 −𝑅 ≤ 𝑥 ≤ 𝑅 + 1

 1− 𝑝𝑡𝑥  ⋅  1−  1− 𝑝𝑡𝑥  
𝑅  ⋅  1−  1− 𝑝𝑡𝑥  

𝑑𝐹 −𝑥  ,𝑅 + 2 ≤ 𝑥 ≤ 𝑑𝐹

 

,𝑅 + 2 ≤ 𝑑𝐹 ≤ 2𝑅    (B.24) 
 

The mean value of 𝑝𝐵 |𝐼
′ (𝑑𝐹 , 𝑥) over all 𝑥 for a given 𝑑𝐹  in this case is 
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𝑝𝐵 |𝐼
′ (𝑑𝐹 )                     =

1

𝑑𝐹
 𝑝𝐵 |𝐼

′ (𝑑𝐹 ,𝑥)
𝑑𝐹

𝑥=1

=
1

𝑑𝐹
 2 ⋅  1− 𝑝𝑡𝑥  ⋅  1−  1− 𝑝𝑡𝑥  

𝑅  

⋅   𝑑𝐹 − 𝑅 − 1 −
1−  1− 𝑝𝑡𝑥  

𝑑𝐹 −𝑅−1

𝑝𝑡𝑥
 +  1− 𝑝𝑡𝑥  

⋅   1 +  1− 𝑝𝑡𝑥  
𝑑𝐹 −1  ⋅  2𝑅 + 2− 𝑑𝐹  − 2

⋅
 1− 𝑝𝑡𝑥  

𝑑𝐹 −𝑅−1 −  1− 𝑝𝑡𝑥  
𝑅+1

𝑝𝑡𝑥
  

=
1

𝑑𝐹
⋅  1 − 𝑝

𝑡𝑥
 

⋅  
4 + 2𝑅𝑝

𝑡𝑥

𝑝
𝑡𝑥

⋅  1 − 𝑝
𝑡𝑥
 𝑅 −

2

𝑝
𝑡𝑥

 +  1 − 2 1 − 𝑝
𝑡𝑥
 𝑅 𝑑𝐹 +  2𝑅 + 2 −

2

𝑝
𝑡𝑥

 

⋅  1 − 𝑝
𝑡𝑥
 𝑑𝐹−1 − 𝑑𝐹 ⋅  1 − 𝑝𝑡𝑥 

𝑑𝐹−1  

,𝑅 + 2 ≤ 𝑑𝐹 ≤ 2𝑅    (B.25) 
 

B.4.3 Case III: dF≥2R+1 

In this case, 𝑝𝐵 |𝐼
′ (𝑑𝐹 ,𝑥)  is calculated for 𝑥  values in the three areas 

identified in Figure B.3: 

𝑝𝐵 |𝐼
′  𝑑𝐹 ,𝑥 

=

 
 
 

 
  1− 𝑝𝑡𝑥  ⋅  1−  1− 𝑝𝑡𝑥  

𝑥−1  ⋅  1−  1− 𝑝𝑡𝑥  
𝑅  , 1 ≤ 𝑥 ≤ 𝑅

 1− 𝑝𝑡𝑥  ⋅  1−  1− 𝑝𝑡𝑥  
𝑅  2  ,𝑅 + 1 ≤ 𝑥 ≤ 𝑑𝐹 − 𝑅

 1− 𝑝𝑡𝑥  ⋅  1−  1− 𝑝𝑡𝑥  
𝑅  ⋅  1−  1− 𝑝𝑡𝑥  

𝑑𝐹 −𝑥  , 𝑑𝐹 − 𝑅 + 1 ≤ 𝑥 ≤ 𝑑𝐹

  

, 𝑑𝐹 ≥ 2𝑅 + 1    (B.26) 
 

The mean value of 𝑝𝐵 |𝐼
′ (𝑑𝐹 , 𝑥) over all 𝑥 in this case is  
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𝑝𝐵 |𝐼
′ (𝑑𝐹 )                     =

1

𝑑𝐹
 𝑝𝐵 |𝐼

′ (𝑑𝐹 ,𝑥)
𝑑𝐹

𝑥=1

=
1

𝑑𝐹

⋅  2 ⋅  1− 𝑝𝑡𝑥  ⋅  1−  1− 𝑝𝑡𝑥  
𝑅  ⋅  𝑅 −

1−  1− 𝑝𝑡𝑥  
𝑅

𝑝𝑡𝑥
 +  1− 𝑝𝑡𝑥  

⋅  1−  1− 𝑝𝑡𝑥  
𝑅   2 ⋅  𝑑𝐹 − 2𝑅   

, 𝑑𝐹 ≥ 2𝑅 + 1    (B.27) 
 

Taking the mean value of 𝑝𝐵 |𝐼
′ (𝑑𝐹 )                      over all possible 𝑑𝐹 , we get 𝑝𝐵 |𝐼

′  for 

steady state analysis. Here we use the observed geometric distribution of 𝑑𝐹  
with parameter 𝑝𝑂 ,𝐹  in this scenario. 

𝑝𝐵 |𝐼
′ =

  𝑝𝐵 |𝐼
′  𝑛,𝑥 𝑛

𝑥=1
⋅ Pr 𝑑𝐹 = 𝑛 𝑑𝐹 ≥ 1 ∞

𝑛=1

 𝑛 ⋅ Pr 𝑑𝐹 = 𝑛 𝑑𝐹 ≥ 1 ∞

𝑛=1

 

= 𝑝𝐵 |𝐼
′  𝑛                   

∞

𝑛=1

⋅ 𝑛 ⋅  1− 𝑝𝑂 ,𝐹  
𝑛−1 ⋅  𝑝𝑂 ,𝐹

2      (B.28) 

 

To conclude all three cases: 

From Eq.(B.23)  we have for 1 ≤ 𝑑𝐹 ≤ 𝑅 + 1 

 𝑝𝐵 |𝐼
′  𝑛                   

𝑅+1

𝑛=1

⋅ 𝑛 ⋅  1− 𝑝𝑂 ,𝐹  
𝑛−1 ⋅ 𝑝𝑂 ,𝐹

2

=  1− 𝑝𝑡𝑥  ⋅ 𝑝𝑂 ,𝐹
2

⋅  −
2

𝑝
𝑡𝑥

  1 − 𝑝𝑂 ,𝐹  
𝑛−1

𝑅+1

𝑛=1
+ 𝑛 ⋅  1 − 𝑝𝑂 ,𝐹  

𝑛−1
𝑅+1

𝑛=1

+
2 1 − 𝑝

𝑡𝑥
 

𝑝
𝑡𝑥

 𝑎𝑛−1
𝑅+1

𝑛=1
+ 𝑛𝑎𝑛−1

𝑅+1

𝑛=1
  

    (B.29) 
 

Where,  𝑥𝑛−1𝑅+1

𝑛=1
= 1−𝑥𝑅 +1

1−𝑥 ,  𝑛𝑥𝑛−1𝑅+1

𝑛=1
=

1−  𝑅+2 𝑥𝑅 +1− 𝑅+1 𝑥𝑅 +2  

 1−𝑥 2 , and 𝑎 is given in Eq. 

(B.10). 

From Eq.(B.25) we have for 𝑅 + 2 ≤ 𝑑𝐹 ≤ 2𝑅: 
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 𝑝𝐵 |𝐼
′  𝑛                   

2𝑅

𝑛=𝑅+2

⋅ 𝑛 ⋅  1− 𝑝𝑂 ,𝐹  
𝑛−1 ⋅ 𝑝𝑂 ,𝐹

2

=  1− 𝑝𝑡𝑥  ⋅ 𝑝𝑂 ,𝐹
2

⋅   
4 + 2𝑅𝑝𝑡𝑥
𝑝𝑡𝑥

⋅  1− 𝑝𝑡𝑥  
𝑅 −

2

𝑝𝑡𝑥
 ⋅  1− 𝑝𝑂 ,𝐹  

𝑛−12𝑅

𝑛=𝑅+2

+  1− 2 1− 𝑝𝑡𝑥  
𝑅  ⋅ 𝑛 ⋅  1− 𝑝𝑂 ,𝐹  

𝑛−12𝑅

𝑛=𝑅+2
+  2𝑅 + 2−

2

𝑝𝑡𝑥
 

⋅ 𝑎𝑛−12𝑅

𝑛=𝑅+2
− 𝑛 ⋅ 𝑎𝑛−12𝑅

𝑛=𝑅+2
  

    (B.30) 
 

Where,  𝑥𝑛−12𝑅

𝑛=𝑅+2
= 𝑥

𝑅 +1−𝑥2𝑅

1−𝑥 , 𝑛𝑥𝑛−12𝑅

𝑛=𝑅+2
=
  𝑅+2 ⋅𝑥𝑅 +1− 𝑅+1 ⋅𝑥𝑅 +2  −  2𝑅+1 ⋅𝑥2𝑅 −2𝑅⋅𝑥2𝑅 +1  

 1−𝑥 2 , 

and 𝑎 is given in Eq (B.10). 

From Eq.(B.27) we have for 𝑑𝐹 ≥ 2𝑅 + 1: 

 𝑝𝐵 |𝐼
′  𝑛                   

∞

𝑛=2𝑅+1

⋅ 𝑛 ⋅  1− 𝑝𝑂 ,𝐹  
𝑛−1 ⋅ 𝑝𝑂 ,𝐹

2 = 

 2 ⋅  1− 𝑝𝑡𝑥  ⋅  1−  1− 𝑝𝑡𝑥  
𝑅  ⋅  𝑅 −

1−  1− 𝑝𝑡𝑥  
𝑅

𝑝𝑡𝑥
 −  1 − 𝑝

𝑡𝑥
 ⋅  1 −  1 − 𝑝

𝑡𝑥
 𝑅 2

⋅ 2𝑅 ⋅ 𝑝𝑂 ,𝐹 ⋅  1 − 𝑝𝑂 ,𝐹  
2𝑅 +  1− 𝑝𝑡𝑥  ⋅  1−  1− 𝑝𝑡𝑥  

𝑅  2

⋅   2𝑅 + 1 ⋅  1− 𝑝𝑂 ,𝐹  
2𝑅 − 2𝑅 ⋅  1− 𝑝𝑂 ,𝐹  

2𝑅+1    

    (B.31) 
 

B.5 p'VBL|I 

According to the definition of 𝑉𝐵𝐿 state in Section 5.2.1, stations that can 
transit from state 𝐼 to state 𝑉𝐵𝐿 must be located between position 1 and 𝑅 in a 
free area, as shown in Figure B.6. 𝑥 − 1 stations fall into the 𝑉𝐵𝐿 area if the 
left-most transmitter in the free area is at location 𝑥, 1 ≤ 𝑥 ≤ 𝑅 + 1, in the next 
time slot. Note, here we only investigate the 𝑉𝐵𝐿 area at left side of the 
transmitter. Due to the symmetric property of the scenario, analysis of 𝑉𝐵𝐿 
area of at the right side of the transmitter, i.e. for the free area between  𝑑𝐹 − 𝑅 
and 𝑑𝐹 , yields the same results. 
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Figure B.6: Example situation of VBL in case II dF ≥R+2 

As for 𝑝𝑉 |𝐼
′ , we use the ergodicity property of this scenario to calculate the 

mean probability 𝑝𝑉𝐵𝐿 |𝐼
′ . That is the probability each station transits from state 

𝐼 to state 𝑉𝐵𝐿 equals to the mean percentage of stations transit from 𝐼 to 𝑉𝐵𝐿 
in a free area of size 𝑑𝐹 .  

B.5.1 Case I: 1≤dF≤R+1 

As shown in Figure B.7, the left-most transmitter at any location 𝑥 in this 
free area will cause 𝑥 − 1 stations at the left side of the transmitter transit into 
𝑉𝐵𝐿 state with probability 𝑝𝑉𝐵𝐿 |𝐼

′  𝑑𝐹 ,𝑥  in the next time slot. 𝑝𝑉𝐵𝐿 |𝐼
′  𝑑𝐹 ,𝑥  is 

calculated as the probability that the left-most transmitter is located at 𝑥 
conditioned on the station at location 𝑥 starts to transmit in the next time slot: 

𝑝𝑉𝐵𝐿 |𝐼
′  𝑑𝐹 ,𝑥 =  1− 𝑝𝑡𝑥  

(𝑥−1) , 1 ≤ 𝑑𝐹 ≤ 𝑅 + 1    (B.32) 

 

Figure B.7: Example situation of VBL in case I 1≤dF≤R+1 
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The mean percentage of stations transit from 𝐼  to 𝑉𝐵𝐿  caused by the 
transmitter at location 𝑥 probability is 

𝑝𝑉𝐵𝐿 |𝐼
′  𝑑𝐹  
                          = 2 ⋅ 

 𝑥 − 1 

𝑑𝐹

𝑑𝐹

𝑥=1

 1− 𝑝𝑡𝑥  
𝑥−1𝑝𝑡𝑥

=
2 1 − 𝑝𝑡𝑥  

𝑑𝐹 ⋅ 𝑝𝑡𝑥
⋅  1−  𝑑𝐹 ⋅  1− 𝑝𝑡𝑥  

𝑑𝐹 −1 −  𝑑𝐹 − 1 ⋅  1− 𝑝𝑡𝑥  
𝑑𝐹    

, 1 ≤ 𝑑𝐹 ≤ 𝑅 + 1    (B.33) 
 

Where, the coefficient 2 is multiplied because the calculation has to be done for 
the left side as well as the right side of 𝑥, which is symmetric in the scenario. 

B.5.2 Case II: dF≥R+2 

As shown in Figure B.6, the only difference between case II and case I is 
that in case II only transmitters located at 𝑥 , 1 ≤ 𝑥 ≤ 𝑅 + 1 , cause 𝑥 − 1 
stations at the left side of 𝑥 transiting from 𝐼  to 𝑉𝐵𝐿. Symmetrically, only 
transmitters at 𝑥, 𝑑𝐹 −𝑅 ≤ 𝑥 ≤ 𝑑𝐹 , cause 𝑑𝐹 − 𝑥 stations at the right side of 𝑥 
transiting from 𝐼 to 𝑉𝐵𝐿. Therefore, in this case, the mean probability that a 
station in the free area transits from 𝐼 to 𝑉𝐵𝐿 in the next time slot for a given 
𝑑𝐹  is  

𝑝𝑉𝐵𝐿 |𝐼
′  𝑑𝐹  
                          = 2 ⋅  

 𝑥 − 1 

𝑑𝐹

𝑅+1

𝑥=1

 1− 𝑝𝑡𝑥  
𝑥−1𝑝𝑡𝑥

=
2 1− 𝑝𝑡𝑥  

𝑑𝐹 ⋅ 𝑝𝑡𝑥
⋅  1−   𝑅 + 1 ⋅  1− 𝑝𝑡𝑥  

𝑅 −𝑅 ⋅  1− 𝑝𝑡𝑥  
𝑅+1     

, 𝑑𝐹 ≥ 𝑅 + 1    (B.34) 
 

By calculating the mean value of 𝑝𝑉𝐵𝐿 |𝐼
′  𝑑𝐹  
                           over all possible values of 𝑑𝐹 , 

we get 

𝑝𝑉𝐵𝐿 |𝐼
′ =

 𝑝𝑉𝐵𝐿 |𝐼
′  𝑛                        ⋅ 𝑛 ⋅ Pr 𝑑𝐹 = 𝑛 𝑑𝐹 ≥ 1 

∞

𝑛=1

 𝑛 ⋅ Pr 𝑑𝐹 = 𝑛 𝑑𝐹 ≥ 1 
∞

𝑛=1

 

= 𝑝𝑉𝐵𝐿 |𝐼
′  𝑛                        

∞

𝑛=1

⋅ 𝑛 ⋅  1− 𝑝𝑂 ,𝐹  
𝑛−1 ⋅ 𝑝𝑂 ,𝐹

2 
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=
2 ⋅  1 − 𝑝𝑡𝑥  

𝑝𝑡𝑥
⋅ 𝑝𝑂 ,𝐹

2

⋅  
1−  𝑅 + 1 ⋅  1− 𝑝𝑂 ,𝐹  ⋅ 𝑎

𝑅 +𝑅 ⋅ 𝑎𝑅+1

𝑝𝑂 ,𝐹

−
1−  𝑅 + 2 ⋅ 𝑎𝑅+1 +  𝑅 + 1 ⋅ 𝑎𝑅+2

(1− 𝑎)2
+  1− 𝑝𝑡𝑥  ⋅ 𝑎

⋅
1−  𝑅 + 1 ⋅ 𝑎𝑅 + 𝑅 ⋅ 𝑎𝑅+1

(1− 𝑎)2
  

    (B.35) 
 

Where, 𝑎 is given in Eq.(B.10). 

Note: Eq.(B.35) uses the geometric distribution of 𝑑𝐹  with parameter 𝑝𝑂 ,𝐹  

for this scenario. 

B.6 p'VBE|I 

According to the time-domain Markov chain shown in Figure 5.4, the last 
supporting probability 𝑝𝑉𝐵𝐸 |𝐼

′ , when a station transits from state 𝐼 , can be 

calculated from other supporting probabilities: 

𝑝𝑉𝐵𝐸 |𝐼
′ = 1− 𝑝𝐼 |𝐼

′ − 𝑝𝑇𝑋 |𝐼
′ − 𝑝𝐵 |𝐼

′ − 𝑝𝑉 |𝐼
′ − 𝑝𝑉𝐵𝐿 |𝐼

′     (B.36) 

 

B.7 p'B|V 

According to the definition in Section 5.2.2.2, 𝑅 + 1− 𝑥 stations out of the 
𝑅 stations in a hidden-station vulnerable area fall into the blocked area 𝐵 in the 
next time slot, if the closest later transmitter is at 𝑥, 1 ≤ 𝑥 ≤ 𝑅, in the adjacent 
channel free area, as shown in Figure B.8.  

Similar to the analysis of 𝑝𝑉𝐵𝐿 |𝐼
′ (𝑑𝐹 )                           the mean percentage of stations in a 

hidden-station vulnerable area fall into area 𝐵 caused by a later transmission at 
location 𝑥 in the adjacent channel free area with size 𝑑𝐹  is calculated as: 

𝑝𝐵 |𝑉
′  𝑑𝐹  
                      = 

 𝑅 + 1− 𝑥 

𝑅

𝑑𝐹

𝑥=1

⋅  1− 𝑝𝑡𝑥  
𝑥−1 ⋅ 𝑝𝑡𝑥   , 1 ≤ 𝑑𝐹 ≤ 𝑅     (B.37) 

 

And  
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𝑝𝐵 |𝑉
′  𝑑𝐹  
                      = 

 𝑅 + 1− 𝑥 

𝑅

𝑅

𝑥=1

⋅  1− 𝑝𝑡𝑥  
𝑥−1 ⋅ 𝑝𝑡𝑥   , 𝑑𝐹 ≥ 𝑅 + 1    (B.38) 

 

 

Figure B.8: Example situation of calculating p'B|V 

Following the same approach in the analysis of 𝑝𝑉𝐵𝐿 |𝐼
′ , we have  

𝑝𝐵 |𝑉
′ =

 𝑝𝐵 |𝑉
′  𝑛                    ⋅ 𝑅 ⋅ Pr 𝑑𝐹 = 𝑛 𝑑𝐹 ≥ 1 ∞

𝑛=1

 𝑅 ⋅ Pr 𝑑𝐹 = 𝑛 𝑑𝐹 ≥ 1 ∞

𝑛=1

 

= 𝑝𝐵 |𝑉
′  𝑛                    

∞

𝑛=1

⋅  1− 𝑝𝑂 ,𝐹  
𝑛−1 ⋅ 𝑝𝑂 ,𝐹  

=
𝑝𝑡𝑥 ⋅ 𝑝𝑂 ,𝐹

𝑅
⋅  
 𝑅 + 1 ⋅ 𝑝𝑡𝑥 +  1− 𝑝𝑡𝑥  ⋅ 𝑎

𝑅 − 1

𝑝𝑡𝑥
2 ⋅ 𝑝𝑂 ,𝐹

−
 𝑅 + 1 ⋅ (1− 𝑝𝑡𝑥 )

𝑝𝑡𝑥
⋅
1− 𝑎𝑅

1− 𝑎

+
1

𝑝𝑡𝑥
2 ⋅  1− 𝑝𝑂 ,𝐹  

⋅
2𝑎 − 𝑎2 −  𝑅 + 2 ⋅ 𝑎𝑅+1 +  𝑅 + 1 ⋅ 𝑎𝑅+2

 1− 𝑎 2

−
 1− 𝑝𝑡𝑥  

2

𝑝𝑡𝑥
2
⋅
1−  𝑅 + 1 ⋅ 𝑎𝑅 +𝑅 ⋅ 𝑎𝑅+1

 1− 𝑎 2
  

    (B.39) 
 

Where, 𝑎 is given in Eq.(B.10). 

In addition to the mean transition probability 𝑝𝐵 |𝑉
′ , one can calculate the 

transition probability 𝑝𝐵 |𝑉  𝑑𝑅𝑋   at the receiver in state 𝑉  with topological 

distance 𝑑𝑅𝑋  to the early transmitter, 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅, as shown in Figure B.8. 
Given the value of 𝑑𝐹 , the conditional transition probability at 𝑑𝑅𝑋  is calculated 
as:  

x

t

Free area Occupied area

B

x1

r
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TX
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TX

r

VBE VBL

R

1 dF

r
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TX

r R+1

dRX
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Pr 𝑉 → 𝐵 𝑎𝑡 𝑑𝑅𝑋 |𝑑𝐹 = 𝑘 =  
1−  1− 𝑝𝑡𝑥   

𝑑𝐹 , 1 ≤ 𝑑𝐹 ≤ 𝑑𝑅𝑋
1−  1− 𝑝𝑡𝑥  

𝑑𝑅𝑋 , 𝑑𝐹 ≥ 𝑑𝑅𝑋 + 1
  

   (B.40) 
The mean transition probability from 𝑉  to 𝐵  at 𝑑𝑅𝑋  is obtained by 

removing the condition on 𝑑𝐹  in Eq.(B.40): 

𝑝𝐵 |𝑉  𝑑𝑅𝑋  = Pr 𝑉 → 𝐵 𝑎𝑡 𝑑𝑅𝑋 |𝑑𝐹 = 𝑘 ⋅
∞

𝑘=1

Pr 𝑑𝐹 = 𝑘 

=  1−  1− 𝑝𝑂 ,𝐹  
𝑑𝑅𝑋  −

𝑝𝑂 ,𝐹

1− 𝑝𝑂 ,𝐹

⋅
𝑎 ⋅ (1− 𝑎𝑑𝑅𝑋 )

1− 𝑎
+  1−  1− 𝑝𝑡𝑥  

𝑑𝑅𝑋  ⋅   1− 𝑝𝑂 ,𝐹  
𝑑𝑅𝑋     

, 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅   (B.41) 
 

Where, the calculation is based on the geometric distribution of 𝑑𝐹  with the 
parameter 𝑝𝑂 ,𝐹 , and 𝑎 is given in Eq.(B.10). 

B.8 p'VBE|V 

The difference between the analyses of 𝑝𝐵 |𝑉
′  and 𝑝𝑉𝐵𝐸 |𝑉

′  is that instead of 

stations falling into area 𝐵, 𝑝𝑉𝐵𝐸 |𝑉
′  is for stations falling into area 𝑉𝐵𝐸, as 

shown in Figure B.8. Besides, the later transmitter at 𝑥, 1 ≤ 𝑥 ≤ 𝑅 + 1, causes 
𝑥 − 1 stations in the hidden-station vulnerable area falling into the 𝑉𝐵𝐸. 

Following the same approach in the analysis of 𝑝𝐵 |𝑉
′ , we have 

𝑝𝑉𝐵𝐸 |𝑉
′  𝑑𝐹  
                            = 

 𝑥− 1 

𝑅

𝑑𝐹

𝑥=1

⋅  1− 𝑝𝑡𝑥  
𝑥−1 ⋅ 𝑝𝑡𝑥  

=
 1 − 𝑝𝑡𝑥  

𝑅 ⋅ 𝑝𝑡𝑥
⋅  1− 𝑑𝐹 ⋅  1− 𝑝𝑡𝑥  

𝑑𝐹 −1 +  𝑑𝐹 − 1 ⋅  1− 𝑝𝑡𝑥  
𝑑𝐹   

, 1 ≤ 𝑑𝐹 ≤ 𝑅    (B.42) 
 

And 

𝑝𝑉𝐵𝐸 |𝑉
′  𝑑𝐹  
                            = 

 𝑥− 1 

𝑅

𝑅+1

𝑥=1

⋅  1− 𝑝𝑡𝑥  
𝑥−1 ⋅ 𝑝𝑡𝑥  

=
 1− 𝑝𝑡𝑥  

𝑅 ⋅ 𝑝𝑡𝑥
⋅  1−  𝑅 + 1 ⋅  1− 𝑝𝑡𝑥  

𝑅 +𝑅 ⋅  1− 𝑝𝑡𝑥  
𝑅+1   

, 𝑑𝐹 ≥ 𝑅 + 1    (B.43) 
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Consequently, the probability 𝑝𝑉𝐵𝐸 |𝑉
′  is calculated as 

𝑝𝑉𝐵𝐸 |𝑉
′ =

 𝑝𝑉𝐵𝐸 |𝑉
′  𝑛                          ⋅ 𝑅 ⋅ Pr 𝑑𝐹 = 𝑛 𝑑𝐹 ≥ 1 ∞

𝑛=1

 𝑅 ⋅ Pr 𝑑𝐹 = 𝑛 𝑑𝐹 ≥ 1 ∞

𝑛=1

 

= 𝑝𝑉𝐵𝐸 |𝑉
′  𝑛                          

∞

𝑛=1

⋅  1− 𝑝𝑂 ,𝐹  
𝑛−1 ⋅ 𝑝𝑂 ,𝐹  

=
 1− 𝑝𝑡𝑥  ⋅ 𝑝𝑂 ,𝐹

𝑅 ⋅ 𝑝𝑡𝑥

⋅  
1− 𝑎𝑅 ⋅  1 +𝑅 ⋅ 𝑝𝑡𝑥  

𝑝𝑂 ,𝐹

−
1−  𝑅 + 1 ⋅ 𝑎𝑅 +𝑅 ⋅ 𝑎𝑅+1

 1− 𝑎 2
+  1− 𝑝𝑡𝑥  ⋅ 𝑎

⋅
1−𝑅 ⋅ 𝑎𝑅−1 +  𝑅 − 1 ⋅ 𝑎𝑅

 1− 𝑎 2
   

    (B.44) 
 

Where, 𝑎 is given in Eq.(B.10). 

For a given 𝑑𝐹  value, the conditional transition probability from state 𝑉  to 
state 𝑉𝐵𝐸 at the receiver with topological distance 𝑑𝑅𝑋 , 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅, to the 
early transmitter, as shown in Figure B.8, is calculated as:  

Pr 𝑉 → 𝑉𝐵𝐸 𝑎𝑡 𝑑𝑅𝑋 |𝑑𝐹 = 𝑘 

=

  
 

  
0 , 𝑑𝐹 ≤ 𝑑𝑅𝑋
 1− 𝑝𝑡𝑥  

𝑑𝑅𝑋 ⋅  1−  1− 𝑝𝑡𝑥   
𝑑𝐹 −𝑑𝑅𝑋  , 𝑑𝑅𝑋 + 1 ≤ 𝑑𝐹 ≤ 𝑅 + 1

 1− 𝑝𝑡𝑥  
𝑑𝑅𝑋 ⋅  1−  1− 𝑝𝑡𝑥  

𝑅+1−𝑑𝑅𝑋  , 𝑑𝐹 ≥ 𝑅 + 2

 

     (B.45) 
 

The mean transition probability from 𝑉  to 𝑉𝐵𝐸  at 𝑑𝑅𝑋  is obtained by 
removing the condition on 𝑑𝐹  in Eq.(B.45): 

𝑝𝑉𝐵𝐸 |𝑉  𝑑𝑅𝑋  = Pr 𝑉 → 𝑉𝐵𝐸 𝑎𝑡 𝑑𝑅𝑋 |𝑑𝐹 = 𝑘 ⋅
∞

𝑘=1

Pr 𝑑𝐹 = 𝑘 

=  1− 𝑝𝑡𝑥  
𝑑𝑅𝑋 ⋅ 𝑝𝑂 ,𝐹

⋅  
 1− 𝑝𝑂 ,𝐹  

𝑑𝑅𝑋 −  1− 𝑝𝑂 ,𝐹  
𝑅+1

𝑝𝑂 ,𝐹

−
𝑎𝑑𝑅𝑋 +1 ⋅  1− 𝑎𝑅−𝑑𝑅𝑋 +1 

 1− 𝑝𝑡𝑥  
𝑑𝑅𝑋 ⋅  1− 𝑝𝑂 ,𝐹  ⋅  1− 𝑎 

 +  1− 𝑝𝑡𝑥  
𝑑𝑅𝑋

⋅  1−  1− 𝑝𝑡𝑥  
𝑅−𝑑𝑅𝑋 +1  ⋅  1− 𝑝𝑂 ,𝐹  

𝑅+1    

, 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅   (B.46) 
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Where, the calculation is based on the geometric distribution of 𝑑𝐹  with the 
parameter 𝑝𝑂 ,𝐹 , and 𝑎 is given in Eq.(B.10). 

B.9 p'V|V 

𝑝𝑉 |𝑉
′  is identical for all stations in the hidden-station vulnerable area. It is 

the probability that no station between 1 and 𝑅 + 1, as shown in Figure B.8, 
starts transmit in the next time slot. In other words, position 1 in the channel 
free area keeps free in the next time slot.  

B.9.1 Case I: 1≤dF≤R+1 

In this case, for all stations in the hidden-station vulnerable area,  

𝑝𝑉 |𝑉
′  𝑑𝐹  
                      =  1− 𝑝𝑡𝑥  

𝑑𝐹   ,1 ≤ 𝑑𝐹 ≤ 𝑅 + 1    (B.47) 

 

B.9.2 Case II: dF≥R+2 

In this case, for all stations in the hidden-station vulnerable area, 

𝑝𝑉 |𝑉
′  𝑑𝐹  
                      =  1− 𝑝𝑡𝑥  

𝑅+1   , 𝑑𝐹 ≥ 𝑅 + 2    (B.48) 

 

𝑝𝑉 |𝑉
′  is calculated by taking the mean value of 𝑝𝑉 |𝑉

′  𝑑𝐹  
                       over all possible 

values of 𝑑𝐹 , given 𝑑𝐹  follows the geometric distribution with parameter 𝑝𝑂 ,𝐹 : 

𝑝𝑉 |𝑉
′ = 𝑝𝑉 |𝑉

′  𝑑𝐹  
                      ⋅ Pr{𝑑𝐹 = 𝑛|𝑑𝐹 ≥ 1}

∞

𝑛=1

= 𝑝𝑉 |𝑉
′  𝑑𝐹  
                      ⋅  1− 𝑝𝑂 ,𝐹  

𝑛−1 ⋅ 𝑝𝑂 ,𝐹  
∞

𝑛=1

 

= 𝑝𝑂 ,𝐹 ⋅  1− 𝑝𝑡𝑥  ⋅
1− 𝑎𝑅+1

1− 𝑎
+ 𝑎𝑅+1     (B.49) 

 

Where, 𝑎 is given in Eq.(B.10).  

Using Eq.(B.39), Eq.(B.44), and Eq.(B.49)  we can prove:  

𝑝𝐵 |𝑉
′ + 𝑝𝑉𝐵𝐸 |𝑉

′ + 𝑝𝑉 |𝑉
′ = 1    (B.50) 

 

For a given 𝑑𝐹  value, the conditional transition probability from state 𝑉  to 
state 𝑉  at the receiver with topological distance 𝑑𝑅𝑋 , 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅, to the early 
transmitter, as shown in Figure B.8, is calculated as:  
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Pr 𝑉 → 𝑉  𝑎𝑡 𝑑𝑅𝑋 |𝑑𝐹 = 𝑘 =  
 1− 𝑝𝑡𝑥   

𝑑𝐹 , 1 ≤ 𝑑𝐹 ≤ 𝑅 + 1

 1− 𝑝𝑡𝑥  
𝑅+1 , 𝑑𝐹 ≥ 𝑅 + 2

 

     (B.51) 
 

The mean transition probability from 𝑉  to 𝑉  at 𝑑𝑅𝑋  is obtained by 
removing the condition on 𝑑𝐹  in Eq.(B.51): 

𝑝𝑉 |𝑉  𝑑𝑅𝑋  = Pr 𝑉 → 𝑉  𝑎𝑡 𝑑𝑅𝑋 |𝑑𝐹 = 𝑘 ⋅
∞

𝑘=1

Pr 𝑑𝐹 = 𝑘 

=
𝑝𝑂 ,𝐹

1− 𝑝𝑂 ,𝐹

⋅
𝑎 ⋅  1− 𝑎𝑅+1 

1− 𝑎
+ 𝑎𝑅+1    

, 1 ≤ 𝑑𝑅𝑋 ≤ 𝑅   (B.52) 
 

Where, the calculation is based on the geometric distribution of 𝑑𝐹  with the 
parameter 𝑝𝑂 ,𝐹 , and 𝑎 is given in Eq.(B.10). 
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Appendix C Optimization of Computational Complexity in Solving the Time-Domain Markov Chain  

Optimization of Computational Complexity in 
Solving the Time-Domain Markov Chain  

Resolving the limiting distribution vector 𝝅 =  𝜋1 ,𝜋2 ,…𝜋𝑁   of a Markov 
chain, which has 𝑁  states and the transition matrix 𝑷 , relies on the following 
relation (See. Theorem 4.1.6 in [14]): 

𝑷𝝅 = 𝝅    (C.1) 
 

and the rule for the probability vector:  

1 = 𝜋𝑖

𝑁

𝑖=1

   (C.2) 

 

To find the solution of 𝝅, a linear equation system in the following form 
needs to be solved: 

𝑴𝝅 = 𝒃    (C.3) 
 

𝑴  is the coefficient matrix of the equation system of size  𝑁 + 1 × 𝑁 . The 
first 𝑁  rows of 𝑴  is constructed from 𝑷 − 𝑰𝑵 , where 𝑰𝑵  is the unit matrix of 
size 𝑁 , and the last row of 𝑴  is a vector of size 𝑁  with all element equals 1 
according to Eq.(C.2). 𝒃  is a column vector of size 𝑁 + 1 , whose first 𝑁  
elements are all 0 and last element is 1 due to Eq.(C.2). 𝝅 is the solution to 
Eq.(C.3). 

The problem of solving 𝝅 for the time-domain Markov chain in Figure 5.4 is 
its large number of states 𝑁 , when the frame size 𝐿 takes a large value. 
According to Figure 5.4, we have: 

𝑁 = 𝐿2 + 3𝐿+ 1   (C.4) 
 

Finding the numerical solution of a linear equation system with large 
number of unknowns, e.g. up to thousands, is time and memory consuming. 
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The optimization is based on the observation of the relation among the 
limiting probabilities of states in the time-domain Markov chain, as given in 
Eq.(C.5).  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 𝜋𝐼 = 𝜋𝐼 ⋅  𝑝𝐼 |𝐼

′ + 𝑝𝑇𝑋 |𝐼
′ + 𝑝𝐵 |𝐼

′  

       +𝜋𝑉𝐵𝐸  𝐿 ,𝐿  
+ 𝜋𝑉  𝐿 ,𝐿  

⋅  1− 𝑝𝐵 |𝑉
′  

𝜋𝑇 𝑋  𝐿 , 𝑛  
= 𝜋𝐼 ⋅ 𝑝𝑇𝑋 |𝐼

′ , 1 ≤ 𝑛 ≤ 𝐿

𝜋𝐵  𝐿 , 𝑛  
= 𝜋𝐼 ⋅ 𝑝𝐵 |𝐼

′ , 1 ≤ 𝑛 ≤ 𝐿

𝜋𝐵 (𝐿 −𝑚 , 𝑛 )
= 𝜋𝑉 (𝐿 ,𝑚 )

⋅ 𝑝𝐵 |𝑉
′ , 1 ≤ 𝑚 ≤ 𝐿− 1

 1 ≤ 𝑛 ≤ 𝐿 −𝑚

𝜋𝑉  𝐿 , 1  
= 𝜋𝐼 ⋅  𝑝𝑉 |𝐼  

′ + 𝑝𝑉𝐵𝐿 |𝐼
′ /𝐿 

           +𝜋𝑉 (𝐿 ,𝐿 )
⋅ 𝑝𝐵 |𝑉
′

𝜋𝑉  𝐿 , 𝑛  
= 𝜋𝐼 ⋅ 𝑝𝑉𝐵𝐿 |𝐼

′ /𝐿

            +𝜋𝑉  𝐿 , 𝑛 −1  
⋅ 𝑝𝑉 |𝑉
′ + 𝜋𝑉  𝐿 ,𝐿 −(𝑛 −1 )  

⋅ 𝑝𝐵 |𝑉
′ , 2 ≤ 𝑛 ≤ 𝐿

𝜋𝑉𝐵 𝐿 (𝐿 −𝑚 , 𝑛 )
= 𝜋𝐼 ⋅ 𝑝𝑉𝐵𝐿 |𝐼

′ /𝐿 , 1 ≤ 𝑚 ≤ 𝐿− 1

 1 ≤ 𝑛 ≤ 𝐿 −𝑚

𝜋𝑉𝐵𝐸 (𝐿 , 1 )
= 𝜋𝐼 ⋅ 𝑝𝑉𝐵𝐸 |𝐼

′

𝜋𝑉𝐵𝐸 (𝐿 , 𝑛 )
= 𝜋𝐼 ⋅ 𝑝𝑉𝐵𝐸 |𝐼

′

               + 𝜋𝑉 (𝐿 , 𝑖 )
⋅ 𝑝𝑉𝐵𝐸 |𝑉
′𝑛−1

𝑖=1
, 2 ≤ 𝑛 ≤ 𝐿

 

    (C.5) 
 

Eq.(C.5) suggests that the number of essential states that need to be solved 
in a linear system is much less. For the Markov chain shown in Figure 5.4, the 
essential states are 𝐼  and 𝑉(𝐿 ,𝑛), 1 ≤ 𝑛 < 𝐿 , i.e. totally 𝐿+ 1  states. The 

probability of other states can be easily calculated according to their 
deterministic relation to these essential states. Therefore, we reconstruct the 
equation system as follows: 

𝝅′ =  𝜋1 ,𝜋2 ,… ,𝜋𝐿+1  is the new limiting distribution vector of essential 
states: 𝜋𝑛  is for state 𝑉(𝐿 ,𝑛), 1 ≤ 𝑛 ≤ 𝐿, and 𝜋𝐿+1  is for state 𝐼 . 

𝑴′ is the new coefficient matrix of size  𝐿+ 2 × (𝐿+ 1). Let 𝑚𝑖,𝑗 denotes 

the element of 𝑴′ at position  𝑖, 𝑗 . According to Eq.(C.5), all non-zero elements 
of the new coefficient matrix can be derived using the iteration equations given 
in (C.6): 
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 𝑚1,1 = 𝑚1,1 − 1

𝑚1,𝐿 = 𝑚1,𝐿 + 𝑝𝐵 |𝑉
′

𝑚1,𝐿+1 = 𝑚1,𝐿+1 + 𝑝𝑉 |𝐼
′ + 𝑝𝑉𝐵𝐿 |𝐼

′ /𝐿

𝑚𝑖,𝑖−1 = 𝑚𝑖,𝑖−1 + 𝑝𝑉 |𝑉
′ , 2 ≤ 𝑖 ≤ 𝐿

𝑚𝑖,𝑖 = 𝑚𝑖,𝑖 − 1 , 2 ≤ 𝑖 ≤ 𝐿

𝑚𝑖,𝐿−(𝑖−1) = 𝑚𝑖,𝐿−(𝑖−1) + 𝑝𝐵 |𝑉
′ , 2 ≤ 𝑖 ≤ 𝐿

𝑚𝑖,𝐿+1 = 𝑚𝑖,𝐿+1 + 𝑝𝑉𝐵𝐿 |𝐼
′ /𝐿 , 2 ≤ 𝑖 ≤ 𝐿

𝑚𝐿+1,𝑗 = 𝑚𝐿+1,𝑗 + 𝑝𝑉𝐵𝐸 |𝑉
′ , 1 ≤ 𝑗 ≤ 𝐿 − 1

𝑚𝐿+1,𝐿 = 𝑚𝐿+1,𝐿 +  1− 𝑝𝐵 |𝑉
′  

𝑚𝐿+1,𝐿+1 = 𝑚𝐿+1,𝐿+1

                + 𝑝𝐼 |𝐼
′ + 𝑝𝑇𝑋 |𝐼

′ + 𝑝𝐵 |𝐼
′ + 𝑝𝑉𝐵𝐸 |𝐼

′ − 1 

𝑚𝐿+2,𝑗 = 𝑚𝐿+2,𝑗 +  𝐿 − 𝑗 ⋅ 𝑝𝑉𝐵𝐸 |𝑉
′

            + 𝐿 − 𝑗 ⋅ 𝑝𝐵 |𝑉
′ + 1 , 1 ≤ 𝑗 ≤ 𝐿 − 1

𝑚𝐿+2,𝐿 = 𝑚𝐿+2,𝐿 + 1

𝑚𝐿+2,𝐿+1 = 𝑚𝐿+2,𝐿+1 + 𝐿 ⋅  𝑝𝑇𝑋 |𝐼
′ + 𝑝𝐵 |𝐼

′ + 𝑝𝑉𝐵𝐸 |𝐼
′  

                        +
𝐿 − 1

2
⋅ 𝑝𝑉𝐵𝐿 |𝐼
′ + 1

 

    (C.6) 
 

Where, the initial values of 𝑚𝑖,𝑗 , 1 ≤ 𝑖 ≤ 𝐿+ 2, 1 ≤ 𝑗 ≤ 𝐿+ 1, are all 0.  

𝒃′  is the new column vector of size 𝐿+ 2. Values of the first 𝐿+ 1 elements 
of 𝒃′  are all 0, and the last element is 1.  

In this way, equation system Eq.(C.3) with 𝐿2 + 3𝐿+ 1 unknowns is now 
reduced to the new equation system Eq.(C.7) with only 𝐿+ 1 unknowns, which 
is much efficient regarding the computational complexity. 

𝑴 ′𝝅′ = 𝒃′     (C.7) 
 

The limiting probabilities of other states are calculated from the limiting 
probabilities of the essential states using Eq.(C.5).  

Figure C.1 shows the computing time of solving 𝑝𝑂 ,𝐹  in the hidden station 

model with 𝑝𝑡𝑥 = 0.1, 𝑅 = 16 and various values of 𝐿. The calculations are done 
through the time-domain Markov chain implemented using essential states and 
full states, respectively. The measurement is performed on a server system with 
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16 Intel® Xeon® E7-8850 CPUs, each of which has 10-core at 2.0 [GHz], and 
with the Windows version of Matlab®  2014b software. Each point in Figure C.1 
is the mean value of 10 repetitions. A significant improvement in computational 
efficiency for solving the hidden station model is observed when using the 
implementation with only essential states. 

 

 

 

 

Figure C.1: Computing time of solving pP,F in the hidden station model 
using full-states and essential-states implementations of the time domain 

Markov chain (ptx=0.1, R=16) 
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Appendix D Implementation of the Analytical Model from [7]  

Implementation of the Analytical Model from [7]  

In Section 5.6.2.3, we present the analytical results of the mean receiving 
busy time 𝑇𝑅𝑋            calculated using our hidden station model and the model from 
[7]. In [7] the notation for the same metric is 𝑇𝑏𝑢𝑠𝑦 . This appendix gives some 

remarks on the modeling approach in [7] and notes regarding our 
implementation of the model developed in [7] for getting the results in Section 
5.6.2.3. Unless otherwise stated, all descriptions and notations in this appendix 
refer to the original text of [7]. 

[7] investigates the linear network topology with an infinite number of 
station, which is identical as described in Section 4.4 of this thesis. See Fig.2 in 
[7]. 

First of all, a Markov chain, see Fig.3 in [7], is developed to model the 
backoff process of the CSMA MAC. Under the assumption that "each node 
independently transmits with probability 𝜏 when it observes an idle minislot" [7], 
(1) in [7] gives the relation between the average transition time of the Markov 
chain in Fig.3, i.e. the virtual slot duration 𝑇𝑉𝑆 , and the probability 𝑃𝑖𝑑𝑙𝑒  of 
observing an idle slot, the probability 𝑃𝑏𝑢𝑠𝑦  of observing a busy duration, the 

duration 𝑇𝑠  of an idle slot, and the duration 𝑇𝑏𝑢𝑠𝑦  of a busy duration.  

In order to establish another relation between 𝜏  and 𝑇𝑉𝑆  in a hidden station 
scenario, the authors of [7] introduce a basic assumption: The hidden nodes 
transmit independently according to a Poisson process. See the first paragraph of 
Section B in [7]. Consequently, the aggregated arrival rate of the Poisson process 
at a receiver is 𝑘 ⋅ 𝜆, where 𝜆 = 𝜏/𝑇𝑉𝑆  and 𝑘 is the number of hidden stations 
with respect to a given sender and a given receiver according to the network 
topology. See Section B in [7]. 

Under the basic assumption of independent Poisson transmission at hidden 
nodes, the conditional distribution of the number of overlapping hidden node 
transmissions in a single busy duration for a given value of 𝑘 is solved using the 
Markov chain presented in Fig. 4 of [7]. This distribution is conditioned on the 
event that a hidden collision happens. 
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The expected length of the hidden node collisions at a node, i.e. the length of 
a prolonged busy duration due to hidden node transmissions at a node, for the 
first 𝑖 overlapping packets is calculated recursively using (7) in [7]. Note: There 
is a potential typo in (7), where according to the recursive equation also in (7) 
the result for 𝐸𝑖+1  shall be: 

𝐸𝑖+1 = 𝐸𝑖 +
 𝑇𝑝  

2

2 ⋅ 𝐸𝑖
    (D.1) 

In our implementation Eq.(D.1) is used for the calculation of 𝐸𝑖+1 . 

Using the conditional distribution of the number of overlapping hidden node 
transmissions in a single busy duration derived from the Markov chain in Fig. 4 
of [7] and the expected length of the hidden node collisions at a node for the first 
𝑖 overlapping packets in (7) of [7], the expected length  𝑇ℎ𝑐(𝑢) of hidden node 

collision at a given receiver node 𝑢 with respect to a sender is given in (8) of [7], 
where station 𝑢 has 𝑘 = 𝑢 hidden nodes with respect to that sender. 

The duration of 𝑇𝑏𝑢𝑠𝑦  is calculated by taking an average of 𝑇ℎ𝑐  𝑘  over all 

possible values of 𝑘, i.e. over all possible positions of receiver with respect to a 
sender. The result of 𝑇𝑏𝑢𝑠𝑦  is given in (9) of [7]. Note, in (9) of [7] the average is 

taken over 𝑁 + 1 nodes including the node with 𝑘 = 0. However, there is no 
explanation about the value of 𝑇ℎ𝑐  0  in [7]. As for a receiver co-locating with a 
sender there is no hidden station at the receiver with respect to the sender, we 
use 𝑇ℎ𝑐  0 = 𝑇𝑝  in our implementation of (9), where 𝑇𝑝  is the length of a packet 

in [7]. 

The probability 𝑃𝑏𝑢𝑠𝑦  and 𝑃𝑖𝑑𝑙𝑒 = (1− 𝑃𝑏𝑢𝑠𝑦 ) in (1) is solved as a function 

of 𝜏 , 𝑁 , and 𝐿, with the help of the third Markov chain in Fig. 6 of [7], where 𝑁  
is the total number of neighboring nodes of a sender and 𝐿 is the packet size 
normalized to 𝑇𝑠 . See (10), (11), (12), (13) in [7]. 

Equations (1), and (5) to (10) in [7] form a system of nonlinear equations 
that can be solved with respect to the unknown 𝜏  using numerical solution. 
Note, in our implementation, equations (2), (3), and (4) in [7] are not used, as 
the solution of 𝜏 , and therefore the solutions of 𝑇𝑏𝑢𝑠𝑦  and 𝑇𝑉𝑆 , are already 

unique according to the equation system consisting of (1), and (5) to (10) in [7].5 

                                    
5 The source code of our implementation of the model in [7] using Matlab®  can be found in the 

source code package of this thesis at http://www.comnets.rwth-
aachen.de/fileadmin/user_upload/zyp/private/index.html#dissertation 



Appendix D Implementation of the Analytical Model from [7] 

139 

 

One remark on the basic assumption in [7], which states the hidden nodes 
transmit independently according to a Poisson process, is: this assumption is a 
good approximation to the conditional independence assumption proposed in 
this thesis, when the channel idle probability is high, i.e. when the value of 𝜏  is 
low at each node. See Section 3.2.2 in this thesis for the conditional 
independence assumption. However, when the channel idle probability gets lower 
because of a higher value of 𝜏  at each node, the assumption made in [7] does not 
hold anymore and leads to inaccurate results, as shown in Figure 5.20. 

There is another remark on the calculation of 𝐸𝑖 in [7], i.e. the expected 
length of the busy time at a receiver conditioned on 𝑖 transmissions overlap in 
this busy time: (7) in [7] approximates the probability that the 𝑖-th overlapping 
transmission contributes to the length of the busy time, conditioned on there is 
already 𝑖 − 1  overlapping transmissions in the busy time, by assuming the 
arrival time of the 𝑖-th transmission is uniformly distributed in the expected 
length of the busy time from the previous 𝑖 − 1  overlapping transmissions. 
However, the 𝑖-th transmission may not arrive before the arrival time of the 
previous overlapping transmission, i.e. the (𝑖 − 1) -th transmission. This 
approximation in [7] underestimates the probability that the 𝑖-th transmission 
contributes to the length of the busy time and leads to a undervalued result of 
𝑇𝑏𝑢𝑠𝑦 , particularly when the value of 𝑖 is large. 

Another remark on the modeling approach for 𝑇𝑏𝑢𝑠𝑦  in [7] is: There is no 

way in [7] to differentiate unsynchronized hidden node collisions, which 
contribute to the prolongation of the busy time, from the synchronized hidden 
node collisions, which do not contribute to the prolongation of the busy time. 
Here, synchronized hidden node collision is referred to as the simultaneous 
transmissions from nodes hidden to each other with respect to a receiver. 
Besides, the model in [7] does not consider the fact that more transmissions 
become synchronized owing to the overlapping R-Zones, when the value of 𝜏  
gets higher. These leads to overestimated 𝑇𝑏𝑢𝑠𝑦  results in [7] when the value of 𝜏  

is high, i.e. when the "synchronized" CSMA phenomenon appears, as discussed in 
Section 5.6.2.3 of this thesis. 
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APPENDIX E 

 
Appendix E Free-Flow Traffic in Multi-Lane Highway Scenarios 

Free-Flow Traffic in Multi-Lane Highway 
Scenarios 

The static VANET topology for simulation studies in Chapter 7 is based on 
a snapshot of the free-flow highway traffic simulated using the Intelligent Driver 
Model (IDM) [27]. 

E.1 Intelligent Driver Model (IDM) [27]  

IDM is a car-following microscopic mobility model developed by Treiber et 
al. [27][15]. This model describes the motion of individual vehicle in relation to 
the vehicle ahead. Each vehicle’s longitudinal dynamics, i.e. accelerating and 
braking behavior, is modeled in IDM through the calculation of instantaneous 
acceleration of vehicles taking the desired velocity, the safety time gap to the 
leading vehicle, the jam distance, the maximum acceleration, and the desired 
deceleration as parameters. The transversal dynamics, i.e. lane-changing 
behavior, of a vehicle is described by the Minimizing Overall Braking Induced by 
Lane-changes (MOBIL) strategy of IDM, which takes account of the speed 
differences and the safety impact induced by the lane changing decision.  

E.1.1 Longitudinal Mobility Update Algorithm in IDM [27]  

At each mobility update step, each vehicle i has to calculate its next 
mobility position (x-coordinate) according to the newly calculated acceleration 
rate ai(t). The acceleration rate ai(t) is calculated according to the following 
equation: [27] 

𝑎𝑖(𝑡) = 𝑎𝑖  1− 
𝑣𝑖(𝑡 − Δ𝑡)

𝑣0,𝑖

 
𝛿

−  
𝑠𝑖
∗

𝑠𝑖(𝑡 − Δ𝑡)
 

2

     (E.1) 

 

where, 
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𝑠𝑖
∗ = 𝑠0 + 𝑣𝑖 𝑡 − Δ𝑡 ⋅ 𝑇𝑖 +

𝑣𝑖 𝑡 − Δ𝑡 ⋅ Δ𝑣𝑖(𝑡 − Δ𝑡)

2 ⋅  𝑎𝑖 ⋅ 𝑏𝑖 
1
2

   (E.2) 

Parameters in Eq.(E.1) and Eq.(E.2) are listed in Table E.1 together with 
interpretation and simulated value. The notations of vehicle 𝑖 and vehicle (𝑖 − 1) 

 

Figure E.1: IDM car-following model 

si

 i-1i  i-1i vi-1(t-Δt) vi-1(t)vi(t)vi(t-Δt)

Table E.1: Parameters for IDM longitudinal model 

Parameters Meaning Simulated 
Value 

𝑎𝑖(𝑡) The acceleration rate of vehicle 𝑖 in the 
next mobility update interval (𝑡, 𝑡+𝛥𝑡] 

 

𝑎𝑖  The maximum acceleration rate in realistic 
traffic 

2.0 [m/s2] 

𝑏𝑖  The "comfort" deceleration value. This is 
not the highest feasible value. 

0.5 [m/s2] 

𝑣𝑖(𝑡 − Δ𝑡) The current speed of vehicle 𝑖, or the speed 
of vehicle 𝑖 in duration (𝑡 −  𝛥𝑡, 𝑡] 

 

𝑣0,𝑖  The wished speed of vehicle 𝑖. See Table E.3 
𝛿 Acceleration exponent 4.0 

𝑠𝑖(𝑡 − Δ𝑡) Inter-vehicle distance between vehicle (𝑖 −
1) and vehicle 𝑖 at time (𝑡 −  𝛥𝑡) 

 

𝑠0  Jam distance, i.e. the minimum allowed 
bump-to-bump distance between two 
conjunctive vehicles 

2.0 [m] 

Δ𝑣i(𝑡 − Δ𝑡) Velocity difference between vehicle 𝑖 and 
its preceding vehicle (𝑖 − 1), at time 
(𝑡 −  𝛥𝑡) 

 

𝑇𝑖  Time headway describing a desired "safe" 
time gap [15] 

2.0 [s] 
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are illustrated in Figure E.1. 

E.1.2 Lane Change Algorithm in IDM [27] 

IDM uses the Minimizing Overall Braking Induced by Lane-Changes 
(MOBIL) strategy for lane change operation. [27] A vehicle can change to an 
adjacent lane if the following criterions are satisfied: 

(a) the change can be performed safely, i.e. the safety criterion 
(b) potential new target lane is more attractive, i.e. the incentive criterion 

The safety criterion is expressed as: [27] 

𝑎𝑗+1
′  𝑡 > −𝑏𝑠𝑎𝑓𝑒     (E.3) 

 

Where, 𝑎𝑗+1
′  𝑡  denotes the calculated acceleration rate of the vehicle 𝑗 + 1 on 

the target lane after vehicle 𝑖 changes its lane. Vehicle 𝑗 + 1 is the succeeding 
vehicle of vehicle 𝑖 after the lane change of 𝑖. −𝑏𝑠𝑎𝑓𝑒  is the maximum safe 

deceleration that vehicle 𝑗 + 1 can accept to ensure a safe lane change. 

The incentive criterion can be expressed as: [27] 

𝑎𝑗
′  𝑡 − 𝑎𝑖 𝑡  

> 𝑝𝑖 ⋅   𝑎𝑗+1 𝑡 − 𝑎𝑗+1
′ (𝑡) +  𝑎𝑖+1 𝑡 − 𝑎𝑖+1

′  𝑡   + 𝑎𝑡ℎ𝑟    (E.4) 

 

Parameters in Eq.(E.3) and Eq.(E.4) are explained in Table E.2 together 
with the values of individual parameters used in the simulation. Figure E.2 
shows the relative position of vehicles 𝑖, (𝑖 − 1), (𝑖+ 1), 𝑗, and (𝑗 + 1). 

 

Figure E.2: IDM with MOBIL lane change algorithm 

i  i-1 i+1 

 j+1  j   j’
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Table E.2: Parameters for IDM/MOBIL lane change model 

Parameters Meaning Simulated 
Value 

𝑎𝑗+1
′  𝑡  The calculated acceleration rate for 

vehicle (𝑗 + 1) on the target lane 
according to (E.1). 

 

−𝑏𝑠𝑎𝑓𝑒  The maximum safe deceleration rate 9.0 [m/s2] 
𝑎𝑗
′  𝑡 − 𝑎𝑖 𝑡  The benefit brought by the lane 

change to vehicle 𝑖, or 𝑗 after it 
changes the lane.  

 

𝑎𝑗+1(𝑡)−𝑎𝑗+1
′ (𝑡) Disadvantage of vehicle (𝑗 + 1) on the 

target lane after vehicle 𝑖 changes the 
lane 

 

𝑎𝑖+1 𝑡 − 𝑎𝑖+1
′  𝑡  Benefit to vehicle (𝑖+ 1) on the old 

lane 
 

𝑝𝑖  Politeness factor 𝑝 > 1: a very 
altruistic behavior; 
0.5 > 𝑝 > 1: a realistic behavior, i.e., 
advantages of other drivers have a 
lower priority, but are not neglected; 
𝑝 = 0: a pure selfish behavior; 
𝑝 < 0: a malicious personality who 
takes pleasure in thwarting other 
drivers even at the cost of own 
disadvantages  

0.5 

𝑎𝑡ℎ𝑟  Advantage threshold of lane changing, 
in order to prevent lane change 
maneuvers triggered by marginal 
advantage that can lead to lane 
hopping.  

0.5 [m/s2] 
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E.2 Simulated free-flow traffic on multi-lane highway  

A six-lane highway with bi-directional traffics, as illustrated in Figure 7.2, is 
simulated using IDM/MOBIL. The parameter values given in Table E.1, Table 
E.2 and Table E.3 ensure free-flow traffics in both directions when the simulated 
system reaches equilibrium. The resulting traffic flow are 4121.89 [vehicle/h] and 
4101.29 [vehicle/h] for directions west-to-east (WE) and east-to-west (EW), 
respectively. This represents a highly dense traffic without a traffic jam. The 
network topology for the simulation study of CAM broadcast in Chapter 7 is a 
snapshot of the equilibrated system at the simulated 1500 th second. Figure E.3 
shows the distribution of inter-vehicle distance on each lane at the snap time. 
See Figure 7.2 for the naming convention of lanes. 

 

Table E.3: Parameters for multi-lane highway simulation 

Parameters Values 
Length of highway 6946 [m] 
Width of lane 5 [m] 
Width of median strip 2 [m] 
Number of lane WE 3 
Number of lane EW 3 
Number of median strip 1 
Number of vehicles WE 400 
Number of vehicles EW 400 
Length of vehicle 8 [m] 
Distribution of withed speed Gaussian 
Mean wished stpeed 120 [km/h] 
Standard deviation 8.5 [km/h] 
Periodic boundary condition True 
Simulation time 3600 [s] 
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Figure E.3: CDF of inter-vehicle distance at t=1500 [s] 
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