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Abstract—A novel analytical framework is presented to eval-
uate resource consumption, error ratio and spectral efficiency
on PHY, MAC and RLC layer in 3GPP LTE systems. Thereby,
various aspects of the different LTE system layers are modeled:
On PHY layer, association of user terminal to a radio access
point, probabilistic radio channel states, adaptive modulation
and coding, overhead in LTE radio frame, turbo coded M-QAM
block error rate, and Chase combining are taken into account. On
MAC layer, hybrid-ARQ protocol, resource assignment failure,
and feedback misdetection are accounted for. On RLC layer, seg-
mentation of a RLC SDU into several RLC PDUs, selective repeat
- ARQ protocol, feedback loss, and timer for upcoming feedback
to be waited for are considered. With the framework, various
performance criteria can be evaluated: Resource consumption,
error ratio and spectral efficiency are assessed as CDF for any
location in a cell, multi-cell scenario map with expected value for
each location, CDF for a cell, and expected value and percentile
for a cell.

I. INTRODUCTION

Spectral efficiency, namely the normalized user throughput
capacity, is defined as the maximum user throughput divided
by the channel bandwidth [2]. It is the number of correctly
received bits normalized by the consumed resource in time
and in bandwidth. Thus, spectral efficiency is strongly related
to resource consumption and packet error ratio.

The 3GPP LTE system model used is illustrated in Fig.
1 for downlink transmission case. From bottom to top, the
LTE protocol stack consists of the physical (PHY) layer, the
medium access control (MAC) layer, the radio link control
(RLC) layer, the packet data convergence protocol (PDCP)
layer and the internet packet (IP) layer [3] [4].

On PHY layer, adaptive modulation and coding (AMC) is
adopted. If radio condition is not good enough, a lower rate
modulation and coding scheme (MCS) is used to suppress
block error rate (BLER) at the cost of more radio resource
consumption. On MAC and RLC layers, the hybrid automatic
repeat request (H-ARQ) protocol and the selective repeat ARQ
(SR-ARQ) protocol are applied, respectively. Thereby, error
left over from previous transmission of the same data is
resolved by retransmission to reduce residual error at a cost
of extra resource consumption.

In this work, resource consumption, error ratio and spectral
efficiency are analytically evaluated for LTE downlink on
system level. In particular, AMC, H-ARQ protocol and SR-
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Fig. 1. LTE system model

ARQ protocol are analyzed in detail using signal flow graphs
(SFGs).

II. RELATED WORK

The capacity model [5] takes into account overhead caused
by retransmissions based on packet error rate (PER), under
the assumption of SR-ARQ. PER on data link (DL) layer is
calculated from bit error rate (BER) on PHY layer. For each
MCS a mapping between signal to interference plus noise ratio
(SINR) and BER is determined from link level simulations.
However, H-ARQ protocol with chase combining (CC) and
SR-ARQ protocol are not modeled in detail.

The capacity model [6] extends the model in [5] to include
distance dependent line of sight (LoS) and non LoS (NLoS)
channel probabilities, where radio propagation condition for
both signal and interference can be either LoS or NLoS. Mean
SINR at a position in the cell is computed by summing over
the set of all channel permutations and weighting individual
SINR for each possible radio channel state by its permutation’s
probability. Modulation and coding scheme (MCS) is derived
from mean SINR. However, adaptive modulation and coding
(AMC) is not modeled exactly for each UT position.

The analytical model to evaluate capacity on system level
presented in this paper is the first one to include, among others,
all aspects mentioned to be missing in the models referenced.
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III. ANALYTICAL FRAMEWORK

A non-conventional framework, which consists of analytical
models for PHY, MAC and RLC layers as illustrated in Fig.
2, is applied to analyze resource consumption, error ratio and
spectral efficiency on the individual layers of an LTE system.
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Fig. 2. Analytical framework

Thereby, various aspects of the different LTE system layers
can be modeled and analyzed. On PHY layer, probabilistic
radio channel states [7], association of user terminals (UTs)
to radio access points (RAPs), turbo coded M-QAM block
error rate (BLER) , adaptive modulation and coding (AMC),
Chase combining (CC) and overhead in LTE radio frame [8]
are taken into account. On MAC layer, hybrid automatic repeat
request (H-ARQ) protocol [9], resource assignment failure
and feedback misdetection are accounted for. On RLC layer,
segmentation of a RLC SDU into several RLC PDUs, selective
repeat ARQ (SR-ARQ) protocol , feedback loss and timer for
upcoming feedback to be waited for are considered.

For any location in a cell the signal flow graph (SFG) model
provides rigorous and detailed analysis of the transmission
process of a service data unit (SDU) on a given layer. Moment
generating function (MGF) specifies the probability distribu-
tion of radio resource consumption for SDU transmission. A
MGF may be differentiated into a success part corresponding
to a correct transmission and a failure part representing an
erroneous transmission. The SFG of a given layer corresponds
to the MGF characterizing this layer. Based on the MGF of a
certain layer, the SFG of the next layer above is modeled.

Therewith, the above mentioned performance criteria are
evaluated in a variety of forms. For an arbitrary small area
element in a cell the probability distribution of selected per-
formance criteria on a certain layer can be evaluated from the
MGF related to this layer. Considering that UTs are randomly
and uniformly distributed over the whole service area, the
probability distribution for a cell can be aggregated from the
probability distributions valid for each area element contained
in the cell. From the probability distribution, its expected
value and percentiles of a certain cell related performance
criterion can be derived straightforwardly. The probability

distribution of the location specific spectral efficiency in a cell
is of particular interest, because its expected value and 5th

percentile are of interest to real world systems as cell spectral
efficiency and cell edge user spectral efficiency, respectively.
Scenario maps representing a certain performance criterion can
be plotted, where an expected value of this criterion can be
calculated from its probability distribution for each potential
UT position in the scenario.

SFG models and MGFs of PHY, MAC and RLC layers
have been published already in [1]. Therefore, only the SFG
model for MAC layer and its corresponding MGF are repeated
and the others are omitted here. Complementary to [1], how
to evaluate probability distributions of resource consumption,
error ratio and spectral efficiency based on MGF is presented
in this paper.

A. Signal Flow Graph Model

Referring to the H-ARQ protocol [9], the SFG for MAC
layer is shown in Fig. 3. The SFG, which specifies the trans-
mission of MAC SDU within maximal N times transmission
of a transport block on PHY layer, is recursively defined
based on the SFG, which describes the MAC transmission
by maximal N − 1 times PHY transmissions.

Firstly, the transmission on MAC layer distinguishes be-
tween successful and unsuccessful resource assignment, where
pASSIGN ERR stands for the probability of resource assign-
ment failure. Secondly, each branch differentiates between two
groups, which represent correct and erroneous transmission on
PHY layer, respectively. Thirdly, ACK represents the feedback
for correct transmission, NAK for erroneous transmission and
DTX for resource assignment failure. However, the feedback
for any case can be detected or misdetected as ACK, NAK and
DTX, where pA→B stands for the probability that A is detected
as B. Finally, no retransmission is caused for the detected
ACK, but retransmission is triggered by detecting either NAK
or DTX.

When the resource is successfully assigned and the transport
block is correctly transmitted on PHY layer, the transmission
of MAC SDU succeeds regardless of retransmission. In case of
successful resource assignment and erroneous transmission of
PHY transport block, as well as in case of resource assignment
failure, the transmission on MAC layer is correct, only if
retransmission on PHY layer succeeds, but is erroneous, if
retransmission fails or no retransmission is carried out. All
the green paths representing a correct transmission of MAC
SDU are collected into one group and all the red paths for an
erroneous transmission are categorized into the other group.

As exit condition for the recursion, the SFG for the trans-
mission of MAC SDU within only 1 transmission on PHY
layer is shown in Fig. 4, being the simplest case of Fig. 3.

B. Moment Generating Function

The MGF for the exit condition is derived from the SFG.
The part corresponding to a correct transmission of MAC SDU
and the erroneous part are given as follows, respectively.
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GMAC,1(z) = suc[GMAC,1(z)] + err[GMAC,1(z)] (1)

suc[GMAC,1(z)] = p¬ASSIGN ERR · suc[GPHY (z)] (2)

err[GMAC,1(z)] = p¬ASSIGN ERR · err[GPHY (z)]

+pASSIGN ERR · (suc[GPHY (z)]

+err[GPHY (z)]) (3)

The MGF for the recursion can also be obtained from the
SFG straightforwardly but is omitted here.

C. Resource Consumption, Error Ratio and Spectral Effi-
ciency

Without loss of generality, assume that GLayer(z) is the
MGF of a certain layer and consists of a success part
suc[GLayer(z)] and a failure part err[GLayer(z)]. pi in Eq. 4
is the probability that an SDU with a given size is transmitted
on this layer in the ith radio channel state. #PRBPi rep-
resents the number of physical resource block pairs (PRBPs)
consumed for such a transmission. ei in Eq. 5 is the conditional
probability that the transmission is performed but fails and
(pi − ei) in Eq. 6 is the conditional probability that the
transmission is carried out and succeeds. ei

pi
is the error rate

of such a transmission, while pi−ei
pi

is the success rate.

GLayer(z) = suc[GLayer(z)] + err[GLayer(z)]

=

N∑
i=1

(pi · z#PRBPi) (4)

err[GLayer(z)] =

N∑
i=1

(ei · z#PRBPi) (5)

suc[GLayer(z)] =

N∑
i=1

((pi − ei) · z#PRBPi) (6)

Consequently, the probability for consumption of resource
#PRBPi is pi, Eq. 7. The probability for error ratio equal
ei
pi

is pi, Eq. 8.

Prob[ResourceConsumption = #PRBPi] = pi,

i = 1, 2, ..., N (7)

Prob[ErrorRatio =
ei
pi
] = pi, i = 1, 2, ..., N (8)

Recall that spectral efficiency is actually the number of
successfully transmitted bits normalized by the consumed
resource in time and in bandwidth [2]. Payload represents the
number of transmitted bits and, therefore, Payload · (pi−ei

pi
)

is the number of successfully transmitted bits. #PRBPi

represents the number of consumed PRBPs, each of which
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occupies 1 ms in time domain and 180 KHz in frequency
domain. Hence, #PRBPi · (10−3 ·180 ·103) is the consumed
resource in s ·Hz. Consequently, the probability for spectral

efficiency equal
payload· (pi−ei)

pi

#PRBPi·(10−3·180·103) is pi, Eq. 9.

Prob[SpectralEfficiency[
bit

s ·Hz
]

=
payload · pi−ei

pi

#PRBPi · (10−3 · 180 · 103)
] = pi,

i = 1, 2, ..., N (9)

IV. PERFORMANCE CALCULATION

The urban macro-cell (UMa) scenario [7] is considered here
for performance evaluation and its parameters are given in
Table I.

TABLE I
PARAMETERS OF UMA SCENARIO

scenario urban macro-cell (UMa)
layout hexagonal grid
inter-site distance 500 m
BS antenna height 25 m, above rooftop
# BS antennas 1 tx
total BS transmit power 46 dBm for 10 MHz
BS antenna down tilt angle 12◦

UT antenna height 1.5 m
# UT antennas 1 rx
minimum distance between UT and BS ≥ 25 m
carrier frequency 2 GHz
channel model UMa (LoS, NLoS)
BS noise figure 5 dB
UT noise figure 7 dB
BS antenna gain (boresight) 17 dBi
UT antenna gain 0 dBi
thermal noise level −174 dBm/Hz

Referring to the hexagonal grid layout shown in Fig. 5,
one base station (BS), which performance parameters are
evaluated, is placed in the center of the scenario and one tier of
six BSs is placed around for interference consideration. Three
antennas are employed by each BS at 30◦, 150◦ and 270◦,
respectively. The area served by a BS is termed a site and the
service area of an antenna is referred a cell.

According to the UMa channel model, path loss is specified
for both line of sight (LoS) and non LoS (NLoS) radio
propagation conditions, where the probability of LoS is defined
as a function of distance. As illustrated in Fig. 5, a user
terminal (UT) on downlink besides the signal from its serving
BS also simultaneously receives cochannel interferences from
up to six neighbor BSs. Radio propagation conditions, both
between serving BS and UT and between interfering BSs and
UT, may be either LoS or NLoS.

It is assumed, that a RLC SDU comprises 1024 bytes and is
segmented into 2 RLC PDUs. Moreover, RLC header, MAC
header and PHY cyclic redundancy check (CRC) are 4 bytes, 3
bytes and 3 bytes, respectively. Furthermore, full buffer traffic
and resource fair scheduling are assumed for evaluation of
spectral efficiency.

UT

signal (LoS/NLoS)

interference (LoS/NLoS)

BS BS

BS

BS

BS

BS

BS

□ ○ ˄

Fig. 5. Hexagonal grid layout

As an example, results for MAC layer are given here.
Resource consumption, error ratio and spectral efficiency are
assessed from cumulative distribution function (CDF) for any
location in a cell, multi-cell scenario map with expected value
for each location, CDF for a cell, as well as expected value
and percentile for a cell. Results for the other layers are also
available but omitted here.

A. CDF for any Location

Numerical results on MAC layer at any location in a cell are
calculated under the following assumption. At maximum one
retransmission is permitted for the H-ARQ protocol. Neither
resource assignment failure nor feedback misdetection is taken
into account. The example locations assumed in Fig. 5 in the
north east cell of the central site and in antenna boresight
direction are evaluated, namely blue, red and green locations
that are 1/3, 2/3 and 1 cell radius away from the center BS,
respectively.

CDFs of resource consumption, error ratio and spectral
efficiency at example locations are shown in Fig. 6(a) - 6(c).
Due to best radio channel conditions, the UT at blue location
consumes fewest resources, experiences lowest error ratio and
achieves highest spectral efficiency. Due to worst channel
conditions, the UT at green location consumes most resources,
experiences highest error ratio and achieves poorest spectral
efficiency.

B. Scenario Map

Multi-cell scenario maps of resource consumption, error
ratio and spectral efficiency on MAC layer are calculated
assuming one retransmission is performed at maximum and
signaling errors are neglected.

The results are shown in Fig. 7(a) - 7(c). What is visi-
ble is that cell areas in antenna boresight and nearby BSs
consume least resources, experience lowest error ratio and
achieve highest spectral efficiency ≥ 2 bit/s/Hz thanks to
good radio channel conditions. Site edges, borders between
adjacent cells and circular areas close by BSs suffer from worst
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Fig. 6. CDFs of performance criteria on MAC layer at (X,Y ) coordinates

spectral efficiency ≤ 0.5 bit/s/Hz owing to strong cochannel
interference from either neighbor BSs or adjacent cells. Site
edges, cell boarders and circular areas consume substantial
radio resources in the cell. Site edges experience highest error
ratio ≥ 5% compared to cell borders and circular areas around
BSs.
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Fig. 7. Scenario maps of performance criteria on MAC layer

C. CDF for a Cell

In the MAC layer model, the maximal number of retrans-
missions by the H-ARQ protocol is regarded as primary
parameter, and probabilities of resource assignment failure
and feedback misdetection as less important, i.e. secondary,

parameters. Impact of the primary parameter on system per-
formance is investigated under the following assumptions. No
retransmission is performed in blue case, and maximal 1 - 4
retransmissions in red, green, pink and turquois cases, respec-
tively. Consequently, the results of blue case are identical to the
results of PHY layer, except that MAC header is considered to
be overhead for spectral efficiency calculation on MAC layer,
but payload for PHY layer.

CDFs of resource consumption in Fig. 8(a) increase with
the number 0 - 4 of retransmissions, while CDFs of error
ratio in Fig. 8(b) decrease and CDFs of spectral efficiency in
8(c) increase correspondingly. Clearly, retransmissions cause
resource consumption but reduce error ratio and improve
spectral efficiency.
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Fig. 8. CDFs of performance criteria on MAC layer over cell

Impact of secondary parameters on system performance is
investigated assuming the maximal number of retransmissions
is one for all cases. Probability of resource assignment failure
is 0 for blue and green cases, and 0.1 for red and pink cases.
Probability of feedback misdetection is 0 for blue and red
cases, and 0.1 for green and pink cases. Signaling message
failures thereby are artificially overestimated to show their
effects.

Fig. 9(a) shows CDFs of resource consumption, where
extra resources are consumed by retransmission triggered by
residual errors from previous transmissions. Since retransmis-
sion can also be caused by signaling errors like resource
assignment failure and feedback misdetection, red and green
cases consume more resource than blue case, and pink case
consumes more resource than red and green cases. Fig. 9(b)
shows CDFs of error ratio, where residual errors are corrected
by retransmission. Since signaling errors are introduced, too,
red and green cases experience higher error ratio than blue
case, and pink case experiences higher error ratio than red
and green cases. Fig. 9(c) shows CDFs of spectral efficiency,

2013 IEEE 24th Annual International Symposium on Personal, Indoor, and Mobile Radio Communications (PIMRC)2013 IEEE 24th Annual International Symposium on Personal, Indoor, and Mobile Radio Communications (PIMRC)

1808



which is inverse proportional to both resource consumption
and error ratio. Since signaling errors not only lead to more
resource consumption but also higher error ratio, red and green
cases have worse spectral efficiency than blue case, and pink
case has even worse spectral efficiency than red and green
cases.
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Fig. 9. CDFs of performance criteria on MAC layer over cell

D. Cell (Edge User) Spectral Efficiency
Expected values of resource consumption, error ratio and

spectral efficiency are regarded as performance measures for
the whole cell, while the 95th percentiles of both resource
consumption and error ratio, as well as the 5th percentile
of spectral efficiency are performance measures for cell edge
users, only. Expected value and the 5th percentile of spectral
efficiency are what is commonly addressed as cell spectral
efficiency [bit/s/Hz/cell] and cell edge user spectral efficiency
[bit/s/Hz], respectively.

Cell spectral efficiency and cell edge user spectral efficiency
on MAC layer are compared to each other for 0 - 8 retrans-
missions assuming no signaling errors.

Results are given in Table II showing resource consumption
rounded to two decimals, and error ratio and spectral efficiency
rounded to four decimals. Increasing the maximum number of
retransmissions, both expected value and the 95th percentile
of resource consumption are slightly increased and saturate,
while error ratio is significantly reduced approaching zero. Of
particular importance, both cell spectral efficiency and cell
edge user spectral efficiency are raised converging to 1.0820
and 0.1274, respectively. By employing H-ARQ protocol on
MAC layer in LTE systems, increasing the maximum number
of retransmissions does neither deteriorate cell spectral effi-
ciency nor cell edge user spectral efficiency, but improves it a
little bit. It is concluded that retransmissions revise residual
errors left over by previous transmissions not at a cost of
spectral efficiency, but delay.

TABLE II
EXPECTED VALUE AND PERCENTILE OF PERFORMANCE CRITERIA

R resource error efficiency
mean 95% mean 95% mean 5%

0 42.48 142.00 0.1370 1.0000 1.0636 0.0000
1 49.50 180.00 0.0233 0.1988 1.0803 0.1249
2 50.77 180.00 0.0042 0.0369 1.0817 0.1274
3 51.00 180.00 0.0008 0.0067 1.0819 0.1274
4 51.05 180.00 0.0001 0.0012 1.0819 0.1274
5 51.06 180.00 0.0000 0.0002 1.0820 0.1274
6 51.06 180.00 0.0000 0.0000 1.0819 0.1274
7 51.06 180.00 0.0000 0.0000 1.0820 0.1274
8 51.06 180.00 0.0000 0.0000 1.0820 0.1274

V. CONCLUSION

An analytical framework is presented for analysis of CDFs
of resource consumption, error ratio and spectral efficiency
specific to PHY, MAC and RLC layers, respectively, of 3GPP
LTE systems. Various layer specific aspects are modeled and
evaluated with respect to their contribution to interesting
performance measures for a cell in a cellular scenario.

It is found that H-ARQ protocols employed in MAC layer
of LTE systems, although consuming resources for retransmis-
sion of erroneously received data, contribute to improve both
cell spectral efficiency and cell edge user spectral efficiency,
independent of the maximum number of retransmissions per-
mitted. It remains to evaluate the additional delay introduced
by H-ARQ protocols and derive a tradeoff between cost of
delay and gain in spectral efficiency.

The analytical framework introduced is well suited to eval-
uate spectral efficiency of decode-and-forward relay enhanced
cells in LTE systems and this is the next step of our intended
work.
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